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1.  INTRODUCTION 

This  is  the  final  report  for  our  contract  No.  DAAD19-01-C-0083  “Dynamic  Cracking  and  Energy 
Absorption  in  Laminates  Containing  Through-Thickness  reinforcement”  covering  the  period 
March  1,  2001  through  November  30,  2003.  We  summarize  major  basic  research  results  in  the 
delamination  resistance  of  through  thickness  reinforced  structures  under  dynamic  loading 
conditions.  Leveraging  collaborations  at  Los  Alamos  National  Lab  (with  Dr.  Irene  Beyerlein),  at 
E  Tech  (with  Prof.  Ares  Rosakis)  and  at  Northwestern  U  (with  Prof.  Roberta  Massabo)  will  be 
described. 


2.  STATEMENT  OF  PROBLEM  STUDIED 

The  central  theoretical  problem  studied  was  the  fracture  problem  of  dynamic  delamination  cracking 
in  the  presence  of  large  scale  bridging  (LSB)  and  the  micromechanical  problem  of  how  through¬ 
thickness  reinforcement  responds  to  dynamic  mixed  mode  crack  displacement.  The  design  rules  for 
optimization  of  the  structure  will  be  based  on  insight  developed  through  fundamental  understanding 
of  dynamic  de lamination  in  the  presence  of  through-thickness  reinforcement.  To  achieve  this  goal, 
research  included: 

I.  Identifying  fracture  mechanisms  especially  those  relating  to  dynamic  deformation  of  through¬ 
thickness  reinforcement  in  the  neighbourhood  of  a  delamination  crack. 

II.  Formulating  efficient  solutions  to  the  problem  of  a  delamination  crack  propagating  dynamically 
though  laminated  specimens  under  conditions  of  LSB. 

III.  Analysing  the  dynamic  constitutive  law  for  through-thickness  reinforcement  acting  as  bridging 
entities  in  the  wake  of  a  dynamic  delamination  crack. 

IV.  Mapping  the  solution  domain  for  the  dynamic  LSB  problem. 

3.  SUMMARY  OF  IMPORTANT  RESULTS 

Highlights  of  our  accomplishments  are  as  follows: 

(i)  Using  beam  theory  dynamic  mode  I  crack  propagation  in  through-thickness  reinforced 
laminate  structures  was  studied.  In  particular,  steady  state  dynamic  crack  growth  for  a 
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Double  Cantilever  Beam  (DCB)  loaded  with  a  flying  wedge  was  examined  [1,3]-  This 
analysis  provides  guidelines  for  design  of  experiments  to  probe  the  efficacy  of  bridging 
on  improving  the  dynamic  fracture  toughness  of  through  thickness  reinforced  structures. 

(ii)  Steady  state  crack  propagation  characteristics  in  through  thickness  reinforced  laminate 
structures  was  mapped  out  in  terms  of  controllable  loading  and  material  parameters 
including  the  crack  velocity  and  the  properties  of  the  through-thickness  reinforcement. 
For  small  crack  velocities,  the  through-thickness  reinforcement  considerably  enhances 
the  delamination  resistance  of  the  structure.  At  higher  velocities,  the  kinetic  energy  term 
dominates  the  overall  energetics  and  the  relative  effect  of  the  reinforcement  on  increasing 
the  delamination  resistance  is  insignificant.  The  model  suggests  a  simple  fracture  test  for 
estimating  the  properties  of  the  through-thickness  reinforcement  under  dynamic  loading 
conditions. 

(iii)  The  character  of  the  displacement  profile  for  mode  I  cracking  behavior  of  a  symmetric 
laminate  containing  a  large  bridging  zone  shows  features  similar  to  those  in  the 
analogous  static  loading  problem  [5],  including  the  possibility  of  oscillations  extending 
far  into  the  crack  wake.  However,  the  details  of  the  functional  fonn  of  the  profile, 
including  the  existence  of  oscillations,  depend  on  the  crack  velocity. 

(iv)  Even  for  moderately  large  crack  velocities,  kinetic  energy  dominates  the  fracture  process 
and  the  relative  effect  of  both  the  bridging  contribution  of  the  reinforcement  and  the 
intrinsic  fracture  toughness  of  the  laminate  are  small.  For  small  to  moderate  crack 
velocities,  the  steady  state  cracking  characteristics  are  very  strongly  influenced  by  the 
bridging  mechanism,  which  significantly  enhances  the  delamination  resistance  of  the 
structure.  This  is  reflected  both  in  the  equilibrium  force  required  to  drive  the  wedge  as 
well  as  in  the  wedge-crack  tip  separation  distance.  This  regime  is  of  the  most  practical 
significance,  since  low  crack  velocities  will  be  favored  for  other  loading  configurations, 
such  as  normal  impact  on  the  laminate,  to  avoid  the  penalty  of  imparting  high  kinetic 
energy  to  the  material.  In  crack  propagation  solutions  where  the  crack  tip  is  not 
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constrained  to  travel  at  a  given  velocity,  here  the  velocity  of  the  wedge,  it  will  seek  an 
energetically  favourable  velocity.  Through-thickness  reinforcement  might  thus  be 
regarded  as  removing  easy,  low  velocity  fracture  paths  under  certain  dynamic  conditions. 

(v)  Inertial  effects  in  the  mechanism  of  fibre  pullout  (or  push-in)  in  composites  was 
examined,  with  emphasis  on  how  the  rate  of  propagation  of  stress  waves  along  the  fibre, 
and  thence  the  pullout  dynamics,  are  governed  by  friction  and  the  propagation  of 
companion  waves  excited  in  the  matrix  [2,4].  With  a  simple  shear  lag  model,  the  effect  of 
uniform  frictional  coupling  between  the  fibre  and  the  matrix  is  accounted  for  in  a 
straightforward  way.  Analytical  solutions  are  derived  when  the  pullout  load  increases 
linearly  in  time. 

(vi)  We  find  in  the  pullout  problem  that  the  process  zone  of  activated  material  is  generally 
divided  into  two  or  three  domains  along  the  axis  of  the  fibre.  Within  these  domains,  slip 
in  the  sense  implied  by  the  load,  slip  in  the  opposite  sense  (reverse  slip),  and  stick  may  be 
observed.  The  attainable  combinations  define  three  regimes  of  behavior,  which  are 
realized  for  different  material  parameter  values.  The  elastodynamic  problem  was  also 
solved  more  accurately  using  finite  element  methods,  with  friction  represented  by  an 
interfacial  cohesive  zone.  The  predictions  of  the  shear  lag  theory  are  broadly  confirmed. 

(vii)  Numerical  results  encourage  the  use  of  the  shear  lag  approximation  in  dynamic  pullout 
problems,  where  quantities  that  have  been  averaged  in  the  direction  normal  to  the  fibre 
axis  are  of  interest.  The  shear  lag  approximation  appears  to  be  at  least  as  viable  for 
dynamic  problems  as  it  has  proven  for  static  problems.  Good  agreement  in  the  load- 
displacement  relation,  for  example,  is  found.  Agreement  in  the  predicted  length  of  the 
process  zone  is  obtained  as  long  as  the  process  zone  length  is  2  -  4  times  the  fibre  radius. 
Since  the  evolution  of  domains  of  slip,  stick,  and  reverse  slip  can  become  very 
complicated  for  general  loading  histories,  an  analytical  approach  could  be  particularly 
valuable. 
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(viii)  With  the  aid  of  the  dynamic  pullout  law  derived  above,  simple  criteria  were  determined 
for  significant  inertial  effects  in  representative  crack  propagation  problems.  Also  fast 
numerical  solutions  were  formulated  for  general  loading  cases  and  hence  have  a  scheme 
to  compute  the  bridging  law  for  fairly  general  conditions  [12].  This  will  be  required  to 
solve  large-scale  bridging,  dynamic  crack  problems  to  self-consistency  (bridging 
tractions  unknown  a  priori).  The  history  dependent  bridging  law  thus  computed  will 
form  the  basic  ingredient  in  the  computation  of  the  structural  response  of  the  composite 
under  dynamic  loading  conditions. 

(ix)  The  dynamic  crack  energy  release  rate  as  a  function  of  the  local  crack  tip  velocity  has 
been  computed  for  a  material  possessing  orthotropic  symmetry  under  general  mixed 

mode  loading  conditions.  The  dynamic  energy  release  rate  varies  as  0[(v;.  -  v)_1  ]  as 
v  — »  v,. ,  and  where  v  is  the  crack  speed  and  vr  is  the  Rayleigh  wave  speed.  We  find  that 
the  variation  in  the  dynamic  crack  energy  relase  rate  for  orthotropic  materials  can  be 
rationalized  in  terms  of  the  orthotropy  parameters  X  and  p,  just  as  in  the  static  case.  This 
computation  of  the  dynamic  energy  release  rate  is  necessary  to  calculate  the  energetics  of 
crack  growth  for  standard  engineering  specimens  [13]. 

(x)  An  approximate  fonnula  for  the  static  weight  function  that  describes  the  crack  tip  stress 
intensity  factor  due  to  a  pair  of  point  loads  on  the  fracture  surface  of  an  orthotropic 
delamination  specimen  has  been  postulated  and  validated  numerically  [7].  This  weight 
function  enables  accurate  solution  of  mode  I  delamination  problems  in  the  presence  of 
large  scale  bridging  over  all  crack  length  regimes,  since  it  avoids  the  errors  of  beam 
theory  in  describing  the  singular  crack  tip  fields.  However,  comparison  of  results  for 
large  scale  bridging  problems  with  a  Dugdale  (unifonn  traction)  bridging  law  shows  that 
a  beam  theory  model  with  appropriate  crack  tip  corrections  (available  in  the  literature) 
may  be  acceptably  accurate.  The  weight  functions  will  be  used  to  formulate  integral 
equation  solutions,  which  will  be  to  ensure  that  accurate  results  are  always  available  at 
least  as  a  reference  in  future  work.  Extension  to  mode  II  loading  and  dynamic  weight 
functions  is  under  way. 
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(xi) .  Upon  passing  of  the  crack  tip,  a  debond  crack  propagates  along  the  length  of  the  fibre 

away  from  the  fracture  plane.  Propagation  of  the  debond  crack  is  governed  by  the 
fracture  energy  associated  with  the  separation  of  the  matrix  and  the  fibre  at  the  debond 
crack  tip  and  the  work  done  against  friction  in  displacing  the  debonded  fibre  along  its 
axis.  In  many  composites,  the  debond  energy  is  small  and  pullout  is  dominated  by 
friction  over  a  wide  range  of  pullout  displacements.  However,  to  deal  with  cases  where 
this  assumption  is  not  true,  we  developed  a  theoretical  framework  that  incorporates  the 
debond  energy  in  the  pullout  model.  Although,  simple  extensions  of  shear  lag  models  are 
available  to  deal  with  debond  energy  contribution  for  the  quasistatic  loading  case,  the 
corresponding  formalism  for  the  dynamic  case  appears  much  more  complicated  [15]. 

(xii)  A  subcontract  was  issued  to  Etech,  Inc.  for  experiments  to  gain  understanding  of  the 
mechanics  of  fibre  push-in  (analogous  to  pullout)  under  dynamic  loading  [14],  The  first 
experiments  have  already  been  completed  (Owen  and  Rosakis)  and  the  key  strain  field 
and  velocity  data  successfully  recorded.  Dynamic  photoelasticity  was  used  to  reveal  the 
nature  of  the  stress  fields  associated  with  the  dynamic  sliding  process.  The  role  of  impact 
speed  (loading  rate)  was  investigated  at  a  constant  static  pre-load.  At  a  short  distance 
behind  the  propagating  front,  kinks  in  the  fringes  form  in  angled  bands.  These  bands 
intersect  the  top  and  bottom  interfaces  and  reveal  the  region  of  sliding  propagating  along 
the  interface.  From  a  sequence  of  images,  the  speed  of  propagation  of  sliding  was 
measured  and  from  analysis  of  the  fringes,  estimates  of  the  loading  rate  and  the  stresses 
along  the  interface  were  made.  A  numerical  FEM  cohesive  model  has  been  proposed  to 
understand  the  experimentally  observed  deformation  profiles  [12]. 

(xiii)  The  elastic  interaction  of  multiple  delaminations  in  laminated  structures  subject  to  out  of 
plane  loading  has  been  investigated  [16].  The  study  has  shown  that  there  are  significant 
short  and  long  range  interaction  effects  between  cracks  in  a  structure  with  multiple 
delaminations.  These  interaction  effects  can  be  shielding  or  amplification  of  the  energy 
release  rate  of  a  crack  and  strongly  depend  on  geometry  of  the  system.  Additional 
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effects,  such  as  friction  in  the  regions  of  the  crack  face  contact  and  the  effect  of  cohesive 
and  bridging  mecahnis  acting  along  the  cracks  are  under  investigation. 

(xiv)  As  part  of  our  objective  of  fostering  multi-disciplinary  interactions  with  the  rest  of  the 
community,  we  organized  a  focused  workshop  on  the  fundamentals  of  dynamic  cracking, 
as  a  joint  effort  with  Dr.  Huajian  Gao  of  the  Max  Planck  Institute,  Germany,  Professor 
Dietmar  Gross  of  Darmstadt  University,  Germany,  and  Professor  Daniel  Rittel  of 
Technion  University,  Israel.  The  workshop  was  held  from  July  14  -  18,  2003  at  the  Max 
Planck  Institute’s  Ringberg  Castle,  in  Bavaria.  Our  objective  in  the  workshop  was  to 
entertain  vigorous  discussions  of  recent,  significant  advances  in  our  understanding  of  the 
fundamentals  of  dynamic  fracture  at  various  scales;  and  to  look  for  better  definition  of 
future  research  objectives.  We  reviewed  recent,  significant  advances  in  our 
understanding  and  to  discuss  future  research  objectives  [17].  We  feel  that  this  field  is 
very  ripe  for  the  establishment  of  new  directions  to  take  advantage  of  greatly  increased 
fundamental  knowledge  and  the  workshop  was  an  excellent  vehicle  for  identifying  such 
directions. 
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ABSTRACT 

Bridged  crack  models  using  beam  theory  formulations  have  proved  to  be  effective  in  modeling 
quasi- static  delamination  crack  growth  under  large  scale  bridging  conditions  in  through¬ 
thickness  reinforced  structures.  In  this  paper,  beam  theory  is  used  to  study  dynamic  mode  I 
crack  propagation  in  through-thickness  reinforced  laminate  structures.  In  particular,  steady  state 
dynamic  crack  growth  for  a  Double  Cantilever  Beam  (DCB)  loaded  with  a  flying  wedge  is 
examined.  The  steady  state  crack  propagation  characteristics  are  mapped  out  in  terms  of 
controllable  loading  and  material  parameters  including  the  crack  velocity  and  the  properties  of 
the  through-thickness  reinforcement.  For  small  crack  velocities,  the  through-thickness 
reinforcement  considerably  enhances  the  delamination  resistance  of  the  structure.  At  higher 
velocities,  the  kinetic  energy  term  dominates  the  overall  energetics  and  the  relative  effect  of  the 
reinforcement  on  increasing  the  delamination  resistance  is  insignificant.  The  model  suggests  a 
simple  fracture  test  for  estimating  the  properties  of  the  through-thickness  reinforcement  under 
dynamic  loading  conditions. 

KEYWORDS 

Dynamic,  Delamination,  Crack,  Bridging,  DCB,  Stitching,  Energy  Release  Rate 
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Through-thickness  reinforcement  of  various  kinds,  including  stitched  or  woven  continuous  fiber 
tows  and  metallic  or  fibrous  short  rods,  has  been  developed  to  address  the  delamination  problem 
in  structural  composite  laminates.  Substantial  experimental  evidence  shows  that  through¬ 
thickness  reinforcement  dramatically  alters  the  delamination  characteristics  for  the  better  under 
both  static  and  dynamic  loading  conditions  (see  [1]  for  review).  For  static  loading,  a  fundamental 
theory  based  on  observations  of  essential  mechanisms  is  now  mostly  in  place  [2-18].  The 
mechanics  of  crack  bridging  by  the  through-thickness  tows  has  been  mapped  out,  with  governing 
length  scales  and  material  parameters  identified  [4,10,7,14,16-18].  With  the  correct  fracture 
mechanics,  a  practical  engineering  approach  to  deducing  the  constitutive  relations  for  through¬ 
thickness  reinforcement  from  engineering  tests  has  been  demonstrated,  which  is  a  major  step 
towards  certifiable  test  procedures  and  design  standards  [13]. 

Interesting  large-scale  bridging  effects  arise  in  through-thickness  reinforced  delamination  cracks 
under  static  mixed  mode  loading  conditions  [8,11].  For  instance,  in  a  mixed  mode  bending 
specimen,  which  can  be  thought  of  as  a  combination  of  double  cantilever  beam  (DCB)  and  end 
notched  flexure  (ENF)  specimens,  the  crack  commences  growth  in  mixed  mode,  but  may  after 
some  growth  reach  a  configuration  for  which  the  mode  I  energy  release  rate  vanishes.  When  this 
happens,  subsequent  growth  must  be  in  pure  mode  II.  Crack  profile  calculations  and 
experimental  observations  show  that  fracture  surface  contact  occurs  both  at  the  crack  tip  and 
possibly  at  other  points  along  the  crack  wake.  Models  of  the  fracture  problem  in  which 
interpenetration  of  the  fracture  surfaces  are  not  barred  (a  modelling  fiction)  predict  a  smoothly 
oscillating  crack  opening  profile.  The  oscillations  can  be  regarded  as  analogous  to  those  found 
in  the  deflection  of  a  point-loaded  beam  on  an  elastic  foundation,  which  is  a  classical  engineering 
problem  (e.g.,  [18]).  The  characteristic  length  of  the  oscillations  depends  on  the  traction  relation 
and  can  be  smaller  than  or  comparable  to  the  bridged  zone  length  in  cases  of  practical  interest 
[8,11]. 

Since  large  bridging  zones  have  such  a  strong  influence  on  the  character  of  delamination  in  static 
cases,  the  question  naturally  arises  of  what  their  effect  may  be  in  dynamic  delamination,  with 


12/01/02 


2 


DYNAMIC  DELAMINATION 


1-  Rockwell 
-4  SCIENTIFIC 


particular  attention  to  demarcating  the  classes  of  oscillating  and  non-oscillating  solutions  that 
may  exist  and  identifying  regimes  where  bridging  effects  are  weak  and  strong  in  a  given 
material.  The  influence  of  cohesive/bridging  mechanisms  on  the  dynamic  fracture  process  has 
been  investigated  previously  (see  [20-28]  among  the  others).  The  model  in  [28],  in  particular, 
analyses  dynamic  crack  propagation  in  a  composite  material  characterised  by  two  distinct 
toughening  mechanisms,  similar  to  the  composite  laminates  treated  in  this  paper.  The  model, 
however,  refers  to  an  infinite  medium  and  to  steady-state  propagation  of  the  crack  (leading  to 
small  scale  bridging).  Here  mode  I  dynamic  delamination  in  the  presence  of  large  bridging 
zones,  e.g.,  of  through-thickness  reinforcement,  is  studied  by  means  of  beam  theory. 

Dynamic  delamination  without  through-thickness  reinforcement  has  already  been  studied  quite 
extensively  using  beam  theory  (see,  e.g.,  [29-34]  among  the  earlier  works).  Despite  the 
simplifications  imposed  on  the  stress  field,  comparison  with  finite  element  calculations  shows 
that  the  dominant  dynamic  features  are  still  retained,  while  the  problem  remains  tractable  by 
analytical  methods  [34].  Beam  models  that  are  successful  in  at  least  some  domain  have  been 
formulated  with  the  two  arms  of  the  DCB  specimen  represented  as  either  Euler-Bemoulli  or 
Timoshenko  beams  with  different  boundary  conditions  at  the  crack  tip  or  ahead  of  it  [32-34]. 
Kanninen's  model  [34]  introduces  an  elastic  foundation  of  shear  and  rotational  springs  that 
connect  the  two  arms  of  the  specimen  ahead  of  the  crack  tip.  The  crack  grows  by  continuous 
removal  of  the  springs  from  the  notch  tip.  While  this  device  presages  the  fields  of  crack  bridging 
to  be  studied  here,  Kanninen’s  work  is  strictly  limited  to  the  regime  where  the  total  toughness  or 
work  of  fracture  of  the  system  is  a  material  constant,  independent  of  crack  length.  More  complex 
crack  characteristics  will  be  demonstrated  here,  under  large  scale  bridging  conditions. 

The  paper  examines  dynamic  delamination  for  through-thickness  reinforced  structures  and 
identifies  crack  propagation  characteristics  for  the  mode  I  case.  The  bridging  action  of  the 
through-thickness  reinforcement  is  represented  by  a  distribution  of  tractions  acting  along  the 
fracture  surfaces  opposing  their  relative  displacement.  The  tractions  are  coupled  to  the  crack 
displacement  by  a  bridging  relation,  which  embodies  the  mechanism  of  load  transfer  from  the 
reinforcement  to  the  surrounding  material.  With  the  results  of  the  analysis,  the  mechanics  of 
crack  growth  for  a  through-thickness  reinforced  DCB  specimen  loaded  by  a  flying  wedge  is 
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examined.  This  specimen  offers  a  relatively  simple  experiment  for  studying  the  role  of  through¬ 
thickness  reinforcement  on  dynamic  crack  propagation.  A  steady  state  situation  can  exist,  i.e., 
one  in  which  the  configuration  of  the  structure  and  the  traction  distribution  are  time  invariant  in  a 
reference  frame  translating  with  the  crack  tip,  when  the  crack  tip  is  moving  at  a  constant  speed. 
(For  a  classical  DCB  specimen,  with  the  load  always  applied  at  a  fixed  location,  a  steady  state 
condition  is  not  readily  attained  and  unsteady  crack  growth  would  be  more  representative.  But 
for  a  DCB  loaded  by  a  flying  wedge,  where  the  point  of  contact  moves  along  the  specimen,  the 
steady  state  is  likely  to  be  found  more  easily  in  experiments.)  The  existence  of  steady  state 
condition  greatly  simplifies  the  analysis.  Non-steady  state  crack  growth,  including  transient 
response  to  a  newly  applied  load  will  be  studied  elsewhere. 

2.0  Beam  Theories  of  a  Double  Cantilever  Beam 

From  Figure  la,  the  equations  of  motion  for  the  beam  element  in  the  crack  wake  of  a  DCB 
specimen  are: 


(la) 


(lb) 


where  w(x,t)  is  the  transverse  displacement  of  the  neutral  plane,  which  is  also  half  the  crack 
opening  displacement,  </)(x,t)  is  the  clockwise  rotation  of  the  cross-section,  t  is  time,  Q  is  the 
shear  force  per  unit  width,  M  is  the  bending  moment  per  unit  width,  2h  is  the  total  thickness  of 


the  DCB  specimen,  p  is  the  material  density,  I  (=  h3/! 2)  is  the  moment  of  inertia  of  the  beam 


element  per  unit  width,  and  p(w,t)  is  the  bridging  traction  corresponding  to  the  opening  mode. 
Since  attention  is  focused  on  the  mode  I  case,  the  bridging  traction  p  can  be  assumed  to  depend 
only  on  time  and  the  opening  displacement  w. 


12/01/02 


4 


DYNAMIC  DELAMINATION 


f~-  Rockwell 
•-4  Scientific 


2.1  Timoshenko  Beam 


For  a  Timoshenko  beam,  the  constitutive  equations  are: 


f 

Q  =  kG  h 

V 


0  + 


dw ^ 
dx  j 


M  =EI 


d0 

dx 


(2a) 


(2b) 


where  the  dimensionless  shear  coefficient  K=  5/6  for  a  rectangular  cross-section,  G  is  the  shear 
modulus  and  E  is  Young’s  modulus. 


The  equations  of  motion  together  with  the  constitutive  equations  yield: 


d2w  d(j)  p(  w,t ) 
dx2  dx  JcGh 


p  d2w 

~K(}lh2' 


5 


d2(t> 

dx2 


12k  G  (  .  dw') 

- v-  0  +  — 

Eh 2  V  dx  J 


P  d20 
E  dt2 


(3a) 


(3b) 


Under  steady  state  cracking,  f(x,t)  =  f(X)  where  X  =  x-v  t  and  v  is  the  (constant)  velocity  of  the 
crack  tip.  The  above  equations  then  reduce  to: 


a2 


w 


+ 


d0  p(w,X ) 


dX2  dX 


KGh 


d20  12  kG  f  dw^ 

Y  0  + - 


dx 


Eh1 


dx 


v2  E  d2w 
T2  aG  ~dX2 

v2  d20 
cfdX2 


(4a) 


(4b) 
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where  c2  =  E/  p  . 


2.2  Euler-Bernoulli  Beam 


For  an  Euler-Bernoulli  beam,  the  shear  deformation  is  considered  to  be  negligible  (  y  — >  0 )  and 
hence  (j)  =  y  -  dw/dx  ~  -dw/dx .  In  addition,  the  rotational  inertia  is  considered  to  be  small  and 
ignored.  The  only  independent  field  quantity  is  the  opening  displacement  w.  The  constitutive 
equation  (2b)  becomes: 


M  =-EI 


(5) 


and  equation  (lb)  reduces  to: 


})M 

dx 


-Q  =  0 


(6) 


Combining  Eqs.  (la),  (5)  and  (6)  yields: 


d4w 

dx4 


12  p  d2w 
Eh2  dt2 


+ 


12 
Eh 3 


P(  w,t) 


=  0 


(7) 


Under  steady  state  cracking 


12  v2  d2w 


12 

+ - T  p(w,X) 

E  n 


=  0 


9 


where  X  =  x-v  t  and  v  is  the  (constant)  velocity  of  the  crack  tip. 


(8) 
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2.3  Displacement  Characteristics  for  a  Linear  Bridging  Relation 

Consider  a  rate  independent  linear  bridging  relation: 

p(w,X  )  =  p0  +  J3w  .  (9a) 

A  softening  linear  relation  (po  >  0,  jB  <  0)  is  known  to  be  realistic  for  large  displacements  for 
short  rods  or  z-pins  under  mode  I  static  loading  [35].  An  initial  hardening  response,  during 
which  the  rod  is  progressively  debonded  from  the  laminate,  is  confined  to  relatively  small 
displacements.  Softening  occurs  after  the  whole  rod  has  debonded,  when  the  embedded  length 
of  the  rod  and  therefore  frictional  resistance  decrease  to  zero  as  the  rod  is  pulled  out  of  the 
laminate.  In  contrast,  mode  I  tests  on  stitched  laminates  indicate  an  approximately  linear 
hardening  relation  (p{]  >  0.  [3  >  0),  which  peaks  when  the  stitch  breaks  and  then  falls  relatively 
rapidly  to  zero  [36].  The  difference  from  the  case  of  rod  pullout  arises  because  of  the  mechanics 
of  stitch  deformation  -  larger  displacements  arise  in  the  hardening  phase  for  a  stitch,  because  the 
stitch  can  be  drawn  down  into  the  composite  from  the  outer  surface  of  the  laminate  before  it 
breaks.  In  steady  state  dynamic  loading  the  bridging  tractions  could  also  depend  on  the  crack 
velocity  and  the  crack  displacement  gradient.  This  dependence  is  under  investigation  [37]  and  is 
not  considered  here.  The  dimensionless  quantity 

S  =12/3  h/  E  (9b) 

is  a  convenient  indicator  of  the  stiffness  of  the  bridging  relation.  For  a  hardening  bridging 
relation  S  >  0  and  for  softening  S  <  0. 

In  the  results  that  follow,  the  length  variables  are  non-dimensionalized  by  h,  the  laminate  half 
thickness  (w  =  hW  and  X  =  h  £).  For  such  a  linear  bridging  relation  the  opening  displacement 
in  Equation  9  obeys: 
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av 

d£4 


+  E- 


d2W 

W 


+  B2W  +  Po~  =  0 


The  clockwise  rotation  (j)  for  the  Timoshenko  beam  obeys: 


 (p0  +J3hW) 
kG 


Ev2  }  d2W 
kGc2  y  df- 


The  coefficients  V,  B ,  and  Pq  in  Equation  10a  are: 


For  the  Timoshenko  beam: 


(10a) 


(10b) 


V2  = 


1 


12 


kG 


2/2 

V  C, 


E  (1  -v2/cf)  12 


B- 


kG/E 


a-4xf-4> 

c,  e  c, 


p 2  = 
r0 


kG/E 


12  P0 


(1- 


cf  A  E  cf  ' 


(11a) 


(Hb) 


(He) 


For  the  Euler-Bernoulli  (E-B)  beam: 


t/2  10  2  ,  2 
V  =12  v  /c,  ; 


B2 


_  12  ph 
E  ’ 


p2  _  12  Po  . 


(12) 


Table  1  shows  representative  values  of  these  dimensionless  groups  and  the  material  parameters 
they  contain  for  stitched  carbon  epoxy  laminates  with  unidirectional  in-plane  reinforcement  or 
quasi-isotropic  lay-ups. 
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Table  1.  Typical  parameters  for  stitched  carbon/epoxy  composites. 


Parameter 

Typical  values 

Longitudinal  wave  speed  of  laminate  (cj) 

2000  -  8000  m/sec 

Elastic  stiffness  of  laminate  (E) 

50-  150  Gpa 

Shear  stiffness  of  laminate  (G) 

5-10  Gpa 

Thickness  of  laminate  (h) 

2  -  15  mm  <a) 

Through-thickness  bridging  stiffness  (p) 

50-  1000  MPa/mm  (a) 

Through-thickness  bridging  parameter  (p0) 

0-20  MPa 

Critical  crack  opening  displacement  ( vvj 

0.02-  1.5  mm  (a’b) 

Inter-laminar  fracture  energy  (G0) 

0.1-1.0kJ/m2 

0.01-0.1  (b) 

G0=l2G0/(Eh) 

O 

1 

1 

o 

AGh  =  2P02Wc  +B2Wc2 

0.0  -  10"3 

kGIE 

0.03  -  0. 

S=  \2phJE 

0.0025-  1.2 

Euler-Bernoulli  Beam  R  =  / 1  J.fihlF. 

0.05  -  0.6 

n  =  V12  Po/E 

O 

1 

O 

o 

Timoshenko  Beam  R  =  J\  O  Bh  /  F.  ■  rj[v.  /?] 

0.05  -  0.6  (c) 

P0  =  J12Po/Ej1[v,R\ 

d 

1 

o 

d 

(a) 

For  a  fixed  area  fraction  of  stitching,  the  critical  displacement  and  the  laminate  thickness  and  the 
reciprocal  of  the  stiffness  parameter  tend  to  be  approximately  proportional. 

(b)  Critical  displacements  at  the  high  end  of  the  stated  range  are  expected  when  the  surface  segments  of  a 
stitch  are  pulled  down  into  the  laminate  (toward  the  fracture  plane)  by  tension  in  the  through-thickness 
segment  [14]. 

(c)  For  a  Timoshenko  beam,  the  values  of  B  and  P0  are  functions  of  V  (following  Eq.  (11),  with  the  short 
notation  rj  introduced  here).  The  ranges  shown  in  the  table  are  those  for  V  =  0,  for  which  the  expressions 
for  B  and  P0  reduce  to  those  for  the  Euler-Bernoulli  beam.  For  stitched  laminates,  J3>  0  and  therefore  B  is 
real. 


The  general  solution  to  equation  10  is: 


W(£)  =  -Ar  +  K,e 


-J-- - —yjvi-AB2  £  +J-- - -Vv4-4B2£ 

V  2  2  +K2e  *  2  2 


B- 


+  K3e 


J-  —  +  -Jv4-4 B2  £  +J-  —  +  -Jv4-4B2  £ 

1  2  2  -+KAe'  22 


(13) 
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In  the  limit  v  — »  0 ,  this  reduces  to  the  result  for  the  static  case  obtained  by  Massabo  and  Cox 
[8].  Whether  B  and  V  are  real  or  pure  imaginary  and  which  is  larger  in  magnitude  determine  the 
qualitative  nature  of  the  displacement  profile,  especially  the  possibility  of  oscillations.  The 
possible  cases  are  as  follows.  The  functions 


A 


S  E 


122  kG 


(  2\ 

i-V 

cl  J 


vz  1 

— T  and  f2  =  - 

1  z  6| 


cl 


f 

5  E 

1- 

V’2 

kG  v2 

kG 

E  r2 

Z  A  1  / 

(14) 


2  2 

and  the  two  real  parameters  ri\  and  m,  which  depend  on  V~  and  B~.  will  appear  in  conditions  for 
the  solutions  for  the  Timoshenko  beam. 


Case  1:  B2  >  0,  V2  <  0  and  V4  >  4 B2  =>  hyperbolic  functions 


W(£)  =  — \  +  K{  Cosh(  n^)+  K2  Sinh(  )  +  K3  Cosh(  n2  g )+  K4  Sinh(  n,J),  (15a) 


B 


V 


+  yjv4 -4B2  /V2  and  n0 


-Vv4-4 B2  /V2 


(15b) 


For  the  Timoshenko  beam,  the  conditions  for  this  case  reduce  to 


~E  V2j 


>  0  and  /,  >  f2 


(15c) 


The  second  of  these  conditions  cannot  be  satisfied  if  S<  0  and  therefore  this  case  is  obtained 

2  2 

only  in  that  part  of  the  domain  {5  >  0,  kG/E  >  v'/cl  }  in  which  f\  >/2. 


For  the  E-B  beam,  the  conditions  for  Case  1  are  never  satisfied. 


Case  2:  B2  >  0,  V2  >  0  and  V4  >  4 B2  =>  trigonometric  functions 
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W(£) 


+  Kj  Cos(  rij^  )+  K2  Sin(  n,  %  )  +  K3  Cos(  n2  % )+  K4  Sin(  n2£  ), 


y2+Vv4-4  B2  /  V2  and  n2=Jv2-^V4 -4  B2  /  yfl 


For  the  Timoshenko  beam,  the  conditions  for  this  case  reduce  to 


r 


S 


kG 

E 


V 


and  -  /,  >  f2 


When  S  <  0,  the  second  of  these  conditions  is  satisfied  for  all  v/cl  >  kG/E. 


For  the  E-B  beam,  the  conditions  for  this  case  reduce  to 


0  <  5  <  36 


v 


4 


c 


4 

/ 


2 

•  Case  3:  B"  <0  =>  sums  of  trigonometric  and  hyperbolic  functions 


p2 

W(€)  =  — %-  +  Ki  Cos(  n^)+K2  Sin(  )  +  K3  Cosh(  n2  £  )+  K4  Sinh(  n2%), 
B1 


n1=^y2+Vy4-4B2  /V2  and  n2  =  ^-V2  +  Vf4 -4B2  /J2 


For  the  Timoshenko  beam,  the  conditions  for  this  case  reduce  to 


<0 


Rockwell 

Scientific 


(16a) 


(16b) 


(16c) 


(16d) 


(17a) 


(17b) 


(17c) 
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2  2 

together  with/r  >  f 2  .  The  latter  condition  is  easily  seen  to  be  obeyed  on  the  boundaries  of 
the  two  domains  {5  <  0,  kGIE  >  v  /cl  }  and  {5  >  0,  kGIE  <  v  Icl  }■  Furthermore,  neither 
c)(j\ 2  -  f22)/dS  nor  i)(j\ 2  -  /22)/dv  possesses  zeroes  within  either  domain.  Therefore,  the 
condition /1  >  f 2  must  always  hold  in  the  domains  within  which  Eq.  (17c)  is  satisfied  and 
need  not  be  stated  as  a  separate  condition. 


For  the  E-B  beam,  the  conditions  for  this  case  reduce  to 


5  <  0 


(17d) 


Case  4:  B°>  0  and  V4  <  4  B°  =>  products  of  trigonometric  and  hyperbolic  functions 


W(E,)  =  — +  Ki  Cosh(  /q  E,  )Cos(  n2  E, )  +  Cosh(  ?q  E,  )Sin(  ri2  E,  ) 


Bi 


+  Sinh(  ti]  E,  )Cos(  ?72  E, )  +  K4  Sinh(  /q  E,  )Sin(  /?2  E,  ) 


(18a) 


nl=^2B-V2  / 2  and  n2=^2B  +  V2  /2 


(18b) 


For  the  Timoshenko  beam,  the  conditions  for  this  case  reduce  to 


kG  r 
E  c 2 


>0  and  J\2  <  /2: 


/  J 


(18c) 


2  2 

The  second  of  these  conditions  can  only  be  satisfied  in  the  domain  {5  >  0,  kGIE  >  v~/c l  }, 

2  2  2  2 

since  the  function  ff  -fo  is  positive  on  the  boundaries  of  the  domain  { S  <  0,  kGIE  <  v  /cl  } 

and  neither  d(fi 2  -  fi)f^S  nor  d(/'i 2  -/22)/5v  possesses  zeroes  within  this  domain. 


For  the  E-B  beam,  the  conditions  for  this  case  reduce  to 
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V4 

S  >36—  .  (18d) 

c, 

The  possible  forms  of  the  solution  for  the  crack  profile  are  summarized  for  the  Timoshenko  and 
Euler-Bernoulli  beams  in  Figs.  2. a  and  2.b  where  the  boundaries  of  the  different  domains  are 
controlled  by  the  quantity  kG/E.  The  curved  boundary  (drawn  schematically)  surrounding  the 
domain  labeled  “TH”  in  Fig.  2a  corresponds  to  the  condition/)2  =/i2,  i.e., 

„  _  2sg/e-v2/c;2  ±2tJ hGj e[kG/ E -v2 /cf )  122 kG 

^  ~  1  2  /  2  p  ™ 

1-v  j Cj  E 

For  negligible  shear  deformations  ( kG/E  — >  °°),  Eq.  (18c),  which  defines  the  domain  TH, 

9/9  A  I  A 

becomes  S  >  36 /(1-v  /  ct  )v  / ct  and  the  map  of  Fig.  2a  becomes  similar  to  that  of  Fig.  2b  for 
an  Euler-Bernoulli  beam  (where  the  domain  TH  is  defined  by  Eq.  (18d),  S  >  36v4/ cf  ).  The  term 
(1 —vjcl  )  in  the  modified  Eq.  (18c)  accounts  for  the  rotational  inertia  effects. 

Oscillations  in  the  profile  are  possible  when  the  solution  contains  trigonometric  functions 
(domains  T,  TH  and  T+H  in  Figure  2).  This  is  always  the  case  for  the  Euler-Bernoulli  beam. 
For  the  Timoshenko  beam,  the  conditions  for  the  occurrence  of  oscillations  depend  on  the  crack 
velocity,  the  anisotropy  of  the  beam,  and  the  stiffness  of  the  bridging  mechanism,  represented  by 
S.  For  typical  material  parameters,  transitions  from  oscillating  to  non-oscillating  solutions 
(region  H  in  Fig.  2a)  could  be  observed  at  attainable  velocities.  For  example,  for  stitched 
polymer  composite  laminates,  S  >  0  and  the  magnitude  of  S  (0.0025  -  1.2)  is  typically  less  than 
4(12  kG/E)2  (0.52  -  23),  where  kG/E  is  the  anisotropy  parameter  (Table  1).  Therefore, 
parameters  for  a  Timoshenko  beam  will  lie  near  the  boundary  of  region  H  in  Fig.  2a  for 
velocities  vlc\  <  ( kG/E)  ~  0.2  -  0.4  and  the  boundary  may  well  be  crossed  as  the  velocity 
changes. 

While  oscillations  appear  to  be  the  common  case  in  the  maps  of  Fig.  2,  other  conditions  can 
intervene,  especially  a  boundary  condition  corresponding  to  the  rupture  of  the  through-thickness 
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reinforcement.  Such  rupture  (failure  of  the  bridging  mechanism)  will  limit  the  length  of  the 
bridged  zone,  perhaps  to  a  length  that  is  less  than  the  wavelength  of  the  oscillations. 

Oscillations  would  imply  the  presence  of  regions  of  contact  along  the  delamination  surfaces  in  a 
simple  specimen.  Oscillations  following  the  functional  forms  derived  here  (with  negative 
displacements)  could  be  observed  in  a  specimen  in  which  the  crack  runs  along  a  compliant  layer 
of  thickness  small  compared  to  the  specimen  thickness,  h,  but  large  compared  to  the  amplitude  of 
the  crack  displacement.  In  the  absence  of  a  compliant  layer,  strong  resistance  to  material 
interpenetration  must  modify  the  profile,  but  the  possibility  of  multiple  humps  of  positive 
opening  displacement  is  suggested. 

In  the  limit  case  v  — >  0 ,  the  behavior  of  the  Timoshenko  beam  reduces  to  that  already  derived 
for  the  static  problem  [8]. 


3.  Wedge-Loaded  Double  Cantilever  Beam 

The  arbitrary  constants  K\,  AT,  K?,,  and  K\  that  appear  in  the  displacement  profile  function,  Eq. 
13,  are  defined  in  any  problem  through  boundary  and  continuity  conditions.  When  the  constants 
are  known,  all  other  characteristics  of  the  fracture  problem  can  be  determined,  such  as  the  critical 
load  for  crack  propagation,  the  length  of  the  bridging  zone  when  the  bridging  ligaments  have 
finite  strength,  and  various  contributions  to  the  energy  of  fracture. 

Here  the  problem  of  a  double  cantilever  beam  (DCB)  specimen  loaded  dynamically  by  a  flying 
wedge  is  studied.  Solutions  are  sought  where  the  wedge  and  the  crack  translate  together  at 
constant  velocity,  v,  with  a  time-invariant  crack  configuration  (steady  state  configuration).  This 
special  case  offers  considerable  insight  into  the  dynamic  fracture  process  and  also  offers  a 
relatively  simple  experimental  approach  for  future  study  (Fig.  lb).  The  beam  arms  are  modeled 
as  Euler  Bernoulli  beams,  so  that  both  shear  deformation  and  rotational  inertia  are  ignored. 
Therefore,  the  constants  V ' ,  B~,  and  P»  referred  to  hereafter  are  those  presented  in  Eq.  12,  so  that 
V,  B “  =  S,  and  Pq  are  real  and  have  simple  interpretations  as  the  normalized  velocity,  bridging 
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stiffness,  and  bridging  traction  at  zero  displacement,  respectively.  Without  loss  of  generality,  V  > 


9 

0,  while  P0  >  0  for  physical  reasons,  and  the  sign  of  B  -  S  may  be  positive  or  negative.  The 
beam  arms  are  assumed  to  be  built-in  at  the  crack  tip  so  that  the  influence  of  the  elasticity  of  the 


material  ahead  of  the  crack  tip  is  neglected.  This  assumption  is  expected  not  to  modify  the 
characteristics  of  fracture  provided  the  beam  arms  are  long  enough.  The  beams  are  assumed  to  be 
axially  inextensible. 

In  Fig.  lb,  2a  is  the  wedge  angle,  /  is  the  distance  between  the  wedge  and  the  crack  tip  and  ao  is 
the  length  of  the  bridging  zone.  In  non-dimensional  form,  1  =h  L,  and  a0  =  h  A 0  .  The  wedge 

angle  is  assumed  to  be  small  and  hence  small  deflection  beam  theory  should  be  sufficient  to 
model  the  problem.  Due  to  symmetry,  only  the  top  half  of  the  DCB  specimen  needs  to  be 
considered.  The  bridging  constituent  is  assumed  to  possess  the  linear  bridging  relationship  of 
Eqn.  9. 

3.1  Deflection  Profile 

The  deflection  profile  of  the  cantilever  beam  due  to  the  wedge  loading  is  governed  by  Eq.  10a 
for  the  bridged  portion  of  the  crack.  For  the  unbridged  portion,  the  deflection  profile  ( wu  =  li  Wu ) 
is  obtained  by  setting  B  =  Po  =  0  in  Eq.lOa.  Therefore: 


for  (-L<£<-A0)  ,  (20a) 


d4W  T7,  d2W 

- r  +E“  - — 


dt  df- 


+  B2W  +  P02=0 


for  (-A0<£<0) 


(20b) 


The  relevant  boundary  conditions  are: 


W{1;  =  0)  =  0 
W’(£  =  0)  =  0 


(21b) 


(21a) 
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WJg  =  -!.)  = -a  ,  (21c) 

Wjt  =  -L)=-^Wjt  =  -L)  ,  (2  Id) 

where  //  is  the  coefficient  of  friction  between  the  wedge  and  the  beam  arm  and  the  derivative  is 
with  respect  to  Z .  Equations  21a  and  21b  express  the  boundary  conditions  associated  with  the 
crack  tip,  and  equations  21c  and  2 Id  express  the  boundary  conditions  at  the  contact  point 
between  the  wedge  and  the  DCB  specimen.  Using  a  simplified  approach,  the  net  effect  of  friction 
between  the  wedge  and  the  beam  has  been  represented  by  a  force  parallel  to  the  wedge  surface 
acting  at  the  contact  point  and  linked  through  /i  to  the  reaction  force  of  the  wedge  on  the  beam. 
The  frictional  force  gives  rise  to  a  bending  moment  at  the  contact  point  which  is  zero  in  the 
absence  of  friction  (/J =0). 

The  deflection  profiles  should  also  satisfy  the  continuity  conditions  at  the  end  of  the  bridging 
zone  (Z  =  -A0).  The  continuity  conditions  are: 

w(Z  =  -A0)  =  WM  =  -4>)»  w'(t  =  ~Ao)  =  Kit  =  -4>)» 

w"(£  =  -A0 )  =  WH" (4  =  - A0 ) ,  W " (4  =  —A0 )  =  w; (Z  =  - A0 ) .  (22) 

The  governing  equation  (20),  which  has  the  general  solution  Eq.  (13)  in  the  domain  -Ao  <  Z-  0, 
together  with  the  boundary  conditions  (21)  and  the  continuity  conditions  (22)  determine  the 
deflection  profile  of  the  beam.  The  problem  is  closed  by  setting  three  further  conditions  to 
determine  Ao,  L,  and  the  equilibrium  value,  F,  of  the  force  per  unit  width  acting  on  the  wedge. 

3.2  Determination  of  A0,  L  and  F 

At  the  end  of  the  bridging  zone,  the  crack  displacement  must  be  the  critical  crack  opening 
displacement,  wc  =hWc,  for  failure  of  the  bridging  ligament: 
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W({  =  -A0)  =  WC 


(23) 


The  existence  of  the  critical  displacement  and  its  attainment  within  the  domain  -L  <  E,  <  0  are 
necessary  conditions  for  a  steady  state  solution  to  exist. 

The  curvature  at  the  crack  tip  (or  the  bending  moment  per  unit  width  M)  is  related  to  the  energy 
released  at  the  crack  tip  by  application  of  the  dynamic  J  integral  (see  [38]): 


G 


Tip 


12 

M 

2  _  Eh 

"  d2W 

X 

Eti 

f=0 

12 

O 

II 

(24) 


For  crack  propagation  GTip  =  G0 ,  where  G0  is  the  critical  inter-laminar  energy  release  rate  (or 
the  intrinsic  toughness  of  the  laminate  without  through-thickness  reinforcement)  and  thus 


W"(f  =  0) 


(25) 


where  G0  =  12G0  /( Eh )  is  the  normalised  interlaminar  fracture  energy.  Finally,  from  the 

requirement  of  force  balance  for  the  wedge,  the  normalised  force  F  =  12F  /( Eh  ),  required  for 
driving  the  wedge  is: 

—  12  F 

F=  —  =  2(ju  +  a)  Wu  (£  =  -L)  .  (26) 

Eh 

Equations  23,  25  and  26  determine  Ao,  L  and  F. 

3.3  Crack  Energetics 

The  energy  release  rate,  GTotal  determined  through  the  total  energy  balance  is: 
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G 


Total 


W,  W/ 

v  da  da  da  da  y 


(27) 


where  Uext  is  the  work  done  by  the  applied  load,  Us  is  the  strain  energy,  Uk  is  the  kinetic  energy, 
Ud  is  the  dissipated  energy  and  a  is  the  crack  length.  The  energy  terms  Uext,  U,  ,  Uk  and  Uci  are 
defined  per  unit  width  of  the  beam.  For  steady  state  crack  extension,  these  quantities  are: 


ai/„, 

da 


=  —F v  =  F 
v 


(28a) 


dUs  =  12  (M^=_l)2 

da  E  h3 


(28b) 


duk  iafi 

IT  =  2  vaU  "  J 


phv2  Sin2( a )  ~  phv2a 2 


(28c) 


— ^  =  ~2pQ\  Cos( a )~  - — — — -  F  ,  (28d) 

da  (a  +  JLl) 

where  m  is  the  mass  in  the  wake  behind  the  wedge,  vn  is  velocity  normal  to  the  beam  axis,  F  is 
the  equilibrium  force  required  to  drive  the  wedge  at  the  constant  velocity  v,  and  Q  is  the 
transverse  shear  force  in  the  beam.  Equation  (28b)  accounts  for  the  strain  energy  released  by  the 
material  as  it  slides  up  the  wedge  beyond  the  contact  point.  This  term  is  not  zero  in  the  presence 
of  friction  because  of  the  discontinuity  in  the  bending  moment  and  the  consequent  discontinuity 
in  the  strain  energy  density  at  the  contact  point.  In  the  absence  of  friction,  the  strain  energy 
density  in  the  unbridged  region  is  a  quadratic  function  of  ^  which  vanishes  at  q  =  -L,  since  M^=.L 
=  0  and  the  shear  deformations  are  neglected,  and  therefore  dU  jda  is  zero.  The  equality 
between  Q  and  F  in  Eq.  (28d)  follows  by  balancing  forces  on  the  wedge. 

The  available  energy  for  crack  extension  is  therefore, 
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' Total 


a 


a  +  ju 


F  + 


3 


4(1  +  a/ ju)2  Eh 


-  phv~a~ 


(29) 


Here  the  second  term,  which  introduces  a  non-linear  dependence  on  F,  results  from  the 
consideration  of  the  energy  associated  with  relief  of  the  bending  moment  at  the  load  point,  as 
described  in  the  previous  paragraph.  Since  its  magnitude  relative  to  the  first  term  varies  as  F/Eh, 
it  is  always  small,  but  it  is  necessary  to  obtain  complete  consistency.  In  the  absence  of  crack 

bridging,  GTotaI  =  GTip  =  G0  .  However,  with  crack  bridging,  AGh  =  GTotal  -  G0*0 .  The 

energy  difference,  AG\»  is  the  extra  work  done  in  fracturing  the  bridging  ligaments.  For  the 
steady  state  configuration  and  bridging  tractions  that  do  not  depend  explicitly  on  time  (or  rate), 
application  of  the  dynamic  J-integral  yields: 

W>c 

GTotal  =  G0  +  A  Gb  =  G0  +  2  J  p(w)dw  ,  (30) 

o 


where  p(  w )  is  the  bridging  relation.  The  result  of  Eq.  (30)  holds  only  if  unloading  does  not 
occur  in  the  bridging  mechanism,  i.e.,  if,  for  an  increasing  or  hardening  bridging  relation  ( dpldw 
>  0),  w  is  a  monotonically  increasing  function  of  This  restriction  can  come  into  play  in  cases 
of  interest. 

Equations  29  and  30  imply  that  the  equilibrium  wedge  force  that  sustains  the  steady  state 
configuration  is: 


F 


Eh 

12 


rSa(a  +  ju)  a 


1  + 


3/r 


Eha 


"C 

G0  +  2  J  p(  w)dw  +  phv2a2 


x 

1  .  (31a) 

J 


In  terms  of  the  normalized  parameters  of  the  linear  relation  (Eq.  (12))  the  force  is: 
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which  in  the  case  of  no  friction,  //  =  0,  becomes: 

F  =  (v2a2  +  G0  +AGb  )  ,  (31c) 

where  AGh=  2P^WC  +  B2Wl2  for  the  linear  bridging  relation  examined  here.  As  expected, 

equations  (31a,b,c)  show  that  the  force  required  for  driving  the  wedge  at  a  constant  velocity  does 
not  depend  on  the  details  of  the  bridging  traction  relation  but  only  on  the  area  beneath  the  curve 
ZlGb.  Moreover,  the  force  F  increases  as  the  square  of  the  velocity,  reflecting  the  contribution  of 
the  kinetic  energy  of  the  beam  arms. 

The  equilibrium  force  F  can  alternatively  be  determined  by  considering  force  equilibrium  on  the 
wedge,  but  this  requires  knowledge  of  the  shear  force  at  £=  -L  and  therefore  of  the  displacement 
profile,  W  (equation  26).  The  availability  of  the  simpler  energy-based  result  of  Eq.  (31)  is  a 
characteristic  of  the  DCB  geometry,  the  loading  configuration  (see  also  [39]),  and  the  fact  that 
the  bridging  tractions  have  been  assumed  to  depend  on  the  opening  displacement  only.  If  the 
bridging  traction  relation  is  explicitly  time  or  rate  dependent,  as  it  will  be  in  general  dynamic 
cases  (e.g.,  [37]),  then  Eq.  (31)  is  inapplicable  and  the  profile  must  be  computed  to  solve  for  any 
aspect  of  the  fracture  process.  The  only  dependence  of  the  force,  F,  upon  the  wedge  velocity  in 
Eq.  (31)  is  the  quadratic  term,  F«  v,  which  can  be  traced  to  the  kinetic  energy  (i.e.,  the 
proportion  of  the  total  work  done  that  must  go  to  accelerating  the  beam  arms).  For  a  bridging 
relation  that  is  time  or  rate  dependent,  more  complicated  relations  between  force  and  velocity 
will  arise. 

Figure  3  shows  the  variation  of  the  equilibrium  force,  F,  normalized  by  its  value  in  the  absence 
of  bridging,  Fu  (Eq.  (31b)  with  AGb  =  0),  as  a  function  of  the  normalized  crack 

velocity,  aV  /  ^Gq  or  a(v  /  c,)yjG0 1  Eh  .  The  different  curves  correspond  to  different  values  of 
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the  ratio  AGJGo  and  the  normalized  friction  coefficient.  The  two  set  of  curves  (dashed  and  solid) 
define  limit  bounds  for  all  possible  solutions  since  they  correspond  to  minimum  and  maximum 
values  attainable  in  typical  laminates.  As  the  crack  velocity  increases,  the  normalized  force 
decreases  rapidly  and  approaches  unity.  Since  the  kinetic  energy  contribution  to  the  equilibrium 
force  increases  with  increasing  velocity  while  other  contributions  do  not  increase,  the 
equilibrium  forces  in  the  presence  and  absence  of  bridging  must  become  asymptotically 
indistinguishable.  Thus  bridging  has  an  important  effect  on  crack  dynamics  only  for  small  to 
moderate  crack  velocities.  As  AGJGo  increases  at  a  fixed  velocity,  F  increases,  but  the  trends  of 
Fig.  3  remain  qualitatively  unchanged.  The  kinetic  energy  dominates  and  bridging  effects  are 

small  for  all  cases  shown  whenever  the  normalized  velocity  parameter  aV  /  yfGg  exceeds  10. 

For  typical  quasi-isotropic  laminates  of  relatively  low  thickness,  h  ~  2-3  mm,  and  2 a=  10°  this 
is  true  when  v/c\  >0.1.  For  thick  laminates  the  limit  velocity  will  be  lower. 

Although  energetics  alone  determine  the  equilibrium  force  for  the  DCB  configuration  (Eq.  31b), 
the  bridging  zone  length  Ao  and  distance  between  the  wedge  and  the  crack  tip  L  can  only  be 
found  by  solving  the  transcendental  Eqs.  23  and  25  (which  is  equivalent  to  obtaining  the  full 
crack  profile).  Before  numerical  solutions  for  Ao  and  L  are  presented,  two  limiting  cases  are 
identified,  which  provide  a  helpful  framework  for  understanding  the  general  case. 

3.4  Small  Scale  Bridging  and  High  Velocity  Limits 

If  the  crack  is  sufficiently  long  compared  to  the  length  of  the  bridging  zone,  the  small  scale 
bridging  (SSB)  limit  can  be  approached,  in  which  the  profile  of  the  unbridged  portion  of  the 
crack  becomes  independent  of  the  details  of  the  profile  in  the  bridging  zone.  In  a  general  crack 
geometry,  such  as  a  crack  in  an  infinite  body,  and  for  a  non- steady  state  crack  problem,  such  as  a 
crack  whose  length  grows  in  time,  the  SSB  limit  is  also  characterized  by  the  work  done  against 
the  bridging  ligaments,  AGb ,  becoming  independent  of  the  crack  length.  The  crack  exhibits  the 

augmented  apparent  tip  toughness,  Go  +  AGb .  Thus  the  effect  of  the  bridging  zone  can  be 

represented  in  the  SSB  limit  as  a  point  process  concentrated  at  the  crack  tip,  leading  to  the 
formulation  commonly  referred  to  as  Linear  Elastic  Fracture  Mechanics  (LEFM).  In  the  case  of 
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the  DCB  specimen  and  the  steady- state  crack  configuration,  the  work  done  against  the  bridging 
ligaments  is  invariant  with  respect  to  the  relative  lengths  of  the  bridging  zone  and  the  crack  (Eq. 
27),  and  so  this  condition  cannot  be  an  indicator  of  the  SSB  limit,  but  one  can  still  search  for  the 
SSB  limit  in  the  behavior  of  the  crack  profile.  Thus,  in  the  SSB  limit,  defined  as  the  limit  in 
which  the  effect  of  bridging  can  be  represented  by  a  point  process  at  the  crack  tip,  the 
equilibrium  length  Lssb  should  take  a  value  determined  by  solving  the  unbridged  problem  (see 
Appendix  A): 


(  Sin(VLssb  )  -  Cos(VLssb  )  ) 

Jgt  =  aV - -  ,  (32a) 

(\-Cos(VLssb)-^Sin(VLssb  )) 

where  the  normalised  total  crack  energy  release  rate  Gr  =  G„  +  AGb  =  12(G0  +  AGb  )/(E h)  is: 

GT  =  G0  +  2PqWc  +  B2Wc2  .  (32b) 

In  the  absence  of  friction  at  the  load  point  (ju  =  0),  the  equilibrium  length,  L,  in  the  SSB  limit 
becomes  (Appendix  A) 


L 


ssb 


—  Tan  1 
V 


aV 

V^o+AGb 


(32c) 


The  second  limiting  case  is  the  high  velocity  limit  that  arises  when  the  energy  required  to 
accelerate  the  beam  arms  during  crack  propagation,  dU k  /da  =hEa2V2 / 12 ,  dominates  both  the 
intrinsic  fracture  toughness,  Go,  and  the  work  required  to  break  the  bridging  ligaments,  AGb . 
The  crack  profile  in  the  high  velocity  limit  becomes  independent  of  Go  and  the  bridging 
parameters;  it  can  be  derived  from  the  profile  for  the  SSB  limit  by  setting  Go  =  AGb  =  0 
(Appendix  A).  Thus,  for  example,  the  value  of  L  in  the  high  velocity  limit,  Lv,  will  be  given  by 
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Ly  = 


1 

V 


( 

71  +  Tan 

V 


>yV 
v  2  Jy 


(y/VG0+AGb  — >°°)  , 


with  the  correct  branch  of  tan'1  being  that  for  which  L,  — »  when  //  — >  0. 


(33) 


3.5  Characteristics  of  Steady-State  Crack  Propagation 

The  following  numerical  examples  refer  exclusively  to  the  case  where  bridging  is  characterized 
by  a  linear  hardening  bridging  relation  (jB  >  0  or  S  =  B2  >  0). 


Figure  4  shows  typical  families  of  crack  displacement  profiles  for  four  different  crack  speeds, 
including  a  nearly  stationary  crack  (V  =  0.001,  which  approaches  the  static  limit),  and  values  of 
the  bridging  parameters  that  might  be  representative  of  a  stitched  polymer  laminate  with  a  low 
intrinsic  fracture  toughness,  Go.  The  solid  curves  in  both  Figs.  4a  and  4b  are  exact  results,  while 
the  dashed  curves  in  Fig.  4a  and  4b  show  the  approximations  of  SSB  or  the  high  velocity  limit 
respectively.  For  all  crack  velocities  examined,  V  <  y[2B  or  v2/cf<  ^ J3h/3E  ),  Equation  (18) 

predicts  the  crack  opening  displacement  to  be  oscillatory  with  exponential  decay.  In  all  cases, 
the  equilibrium  distance  L  is  such  that  the  profiles  are  monotonically  increasing  functions  of 
distance  from  the  crack  tip,  £  i.e.,  no  oscillations  are  observed  (see  Section  3.6). 


The  SSB  limit  provides  profiles  in  rough  agreement  with  the  exact  results  at  all  velocities  for  the 
cases  shown,  but  underestimates  the  equilibrium  distance,  L  (Appendix  A).  Furthermore,  the 
approximation  worsens  as  the  crack  velocity  increases.  For  the  equilibrium  conditions  imposed 
by  the  constraint  of  steady  state  propagation,  the  SSB  limit  becomes  usefully  accurate  only  when 
the  critical  displacement,  Wc,  is  small. 

Figure  4b  compares  the  exact  profiles  with  estimates  based  on  the  high  velocity  limit  (bridging 
and  intrinsic  toughness  effects  negligible  -  Appendix  A).  The  two  sets  of  curves  are  widely 
different  at  vanishing  velocity  (the  static  limit),  being  separated  by  nearly  two  orders  of 
magnitude  in  the  value  of  L;  but  as  the  relative  velocity  rises  to  even  moderately  high  values, 
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e.g.,  V  =  0.2  or  v/c\  =  0.06  in  the  case  of  Fig.  4b,  the  high  velocity  approximation  approaches  the 
exact  results  increasingly  closely. 


Figure  5  shows  further  details  of  the  variations  in  the  steady-state  wedge-crack  tip  separation,  L. 
The  solid  curves  show  exact  results,  the  dashed  curves  the  SSB  approximation  of  Eq.  (29c)  and 
the  thick  dashed  curve  the  high  velocity  limit  of  Eq.  (33).  In  the  figure  L  is  normalised  by  its 
value,  Lu|v=0,  for  a  unbridged  crack  with  tip  toughness,  Go,  in  the  static  limit  (V  =  0),  given  by 

Eq.  (A. 6a),  and  is  plotted  as  a  function  of  the  velocity  for  a  range  of  values  of  the  bridging 
stiffness  parameter,  B.  The  values  taken  for  the  bridging  parameters  B,  P$,  and  Wc  are  again 
representative  of  a  stitched  laminate  with  a  moderate  value  of  Go.  The  figure  shows  that  L 
decreases  monotonically  with  increasing  velocity  and  with  increasing  bridging  stiffness,  B. 
Since  P»  and  Wc  are  fixed  in  Fig.  5,  increasing  B  leads  to  increasing  the  contribution  to  the 

toughness  due  to  the  bridging  mechanisms,  AGb.  The  SSB  approximation  always  under-predicts 
L,  which  can  be  expected  from  the  equilibrium  of  moments  -  the  distributed  action  of  the 
bridging  ligaments  in  the  exact  solution  will  offset  a  larger  moment  from  the  applied  force  and 
therefore  imply  a  larger  distance,  L.  The  high  velocity  limit  is  always  approached  by  any  of  the 
other  curves  as  V  increases.  The  velocity  at  which  L  approaches  the  limit  to  within  any  specified 
fractional  error  rises  with  the  value  of  B ,  because  higher  B  implies  higher  work,  AG’b,  to  fracture 
the  bridging  ligaments  (with  other  bridging  parameters  held  fixed)  and  therefore  higher  velocities 
to  achieve  dominance  of  the  kinetic  energy. 


Figure  6  shows  the  variation  of  the  bridging  zone  length,  Aq,  with  velocity  for  the  same  cases  as 


in  Fig.  5;  with  A0  normalised  by  the  zone  length, 


Au 

A0 


,  for  an  unbridged  quasi-static  crack  ( V 

v=0 


=  0)  in  the  limit  that  B  — >  0  and  P0  — >  0 .  This  limit  can  be  obtained  by  setting 
W{£  =  -A0)  =  Wc  in  the  profile  of  an  unbridged  crack,  Eq.  (A.l).  The  high  velocity  limit,  i.e., 

in  the  absence  of  bridging  or  intrinsic  toughness  (Appendix  A),  is  also  shown  by  a  dashed  line. 
Consistently  with  the  behaviour  of  L,  Ao  is  a  monotonically  decreasing  function  for  increasing 
velocity  or  bridging  stiffness.  Once  again,  the  high  velocity  limit  is  approached  at  a  velocity 
whose  value  increases  as  B  increases. 
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Calculations  not  reported  in  this  paper  have  shown  that  increasing  the  wedge  angle,  a ,  or  the 
interfacial  friction,  /u  ,  at  fixed  velocity  leads  to  larger  values  of  L.  Increasing  a  also  leads  to  a 
reduction  of  the  zone  length,  A0  which,  on  the  other  hand,  is  relatively  insensitive  to  //. 

As  the  velocity  increases,  the  ratio  AqI  L  always  increases  monotonically  from  a  non-zero  value 
for  the  static  case.  This  behavior,  which  is  exemplified  by  Fig.  7a,  follows  directly  from  the 
numerical  result  that  the  opening  displacement  at  the  wedge  loading  point,  W(-L),  is  a 
monotonically  decreasing  function  of  velocity  (see  Figure  4a).  A  limit  value  of  the  crack 
velocity,  which  depends  on  material  and  geometrical  parameters,  corresponds  to  the  condition  Ao 
/  L  =  1,  where  the  bridging  ligaments  remain  intact  over  the  whole  interval  between  the  crack  tip 
and  the  point  of  contact  with  the  wedge.  The  limit  velocity  increases  on  increasing  the  wedge 
angle  and  the  coefficient  of  friction.  No  meaningful  solutions  to  the  steady  state  crack  problem 
exist  above  the  limit  velocity.  For  the  material  parameters  assumed  in  the  figure  and  a  wedge 
angle  of  7.5°,  for  instance,  the  limit  velocity  is  V  =  0.235  or  v/c\  =  0.07. 

Figures  7b  and  8  illustrate  this  behavior  further.  Figure  7b  shows  the  ratio  AJL  as  a  function  of 
the  bridging  stiffness  parameter  B.  The  ratio  Aq/L  increases,  which  favors  the  creation  of  a 
domain  of  forbidden  velocities  or  the  extension  of  an  existing  domain,  as  the  critical 
displacement,  Wc,  or  the  bridging  stiffness  parameter,  B,  increases  (Figs.  7a  and  7b).  In  Figure  8 

the  maximum  permissible  value,  Wcraax ,  of  Wc  for  steady  state  solutions  to  exist  is  plotted  as  a 
function  of  the  bridging  stiffness  parameter,  B,  for  fixed  values  of  other  bridging  parameters.  The 
parameter  W’nax  is  the  value  for  Wc  above  which  A0>  L .  Stiffer  bridging  imposes  more 
stringent  upper  bound  on  Wc,  since  it  reduces  the  crack  opening,  W;  higher  values  of  P0  or  the 
crack  velocity  also  reduce  Wcmax.  For  low  velocities,  V  =  0.1  -  0.2,  Wcmax  is  well  above  the 
critical  displacement  of  typical  laminates  (see  Table  1)  for  all  B  considered  and  therefore  steady 
state  propagation  is  always  possible.  However,  for  V  =  1,  which  roughly  corresponds  to  the 
Rayleigh  wave  speed  of  a  common  quasi-isotropic  laminate,  and  similarly  for  all  V  >  0.5,  Wcmax 

is  in  the  range  of  feasible  critical  displacements  (see  Table  1).  In  summary,  a  bounding  velocity 
will  exist  and  lie  at  an  experimentally  accessible  value  for  many  cases  of  interest. 
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3.6  Oscillations  in  the  crack  displacement  profile 

Another  question  of  interest  is  the  possibility  of  oscillations  arising  in  the  crack  displacement 
profile  for  steady  state  solutions.  In  Euler-Bernoulli  beams,  equations  (13),  (16)  and  (18)  predict 
a  transition  in  the  crack  opening  displacement  from  purely  oscillatory  to  oscillatory  with 

exponential  decay  on  varying  the  crack  velocity,  with  V  =  -ilB  or  v2/cf  =  yj jBh/3E  the 

transition  value.  Therefore  oscillations  will  arise  in  the  crack  profile  if  %ext<  L,  with  ^ext  being  the 
distance  behind  the  crack  tip  at  which  the  displacement  function  has  a  first  extremum, 
dW  /  =  0  .  If  %ext  <  Ao  the  first  extremum  will  be  within  the  bridged  zone  and  the  solutions 

derived  above  will  contain  a  physical  inconsistency,  in  that  the  displacement  at  the  end  of  the 
bridged  zone,  where  stitch  failure  is  presumed  to  occur  at  a  critical  opening,  vvc,  will  not  be  the 
maximum  displacement. 

The  condition  for  the  onset  of  oscillations  is  illustrated  in  Fig.  9  for  typical  values  of  the  material 
parameters.  The  lower  pair  of  curves  in  Fig.  9  shows  typical  variations  in  the  bridging  zone  size, 
Ao,  as  a  function  of  Wc  at  fixed  crack  velocity,  obtained  by  solving  the  system  of  equations  (20- 
23)  and  (25).  The  upper  pair  of  curves  shows  the  distance  behind  the  crack  tip,  £ext,  at  which  the 
displacement  function  has  a  first  extremum,  dW  /  =  0  ,  where  W  is  the  displacement  function 

found  for  the  bridging  zone.  In  each  pair  of  curves,  the  solid  line  corresponds  to  B  =  0.1  and  the 
dashed  line  corresponds  to  B  =  0.2.  The  vertical  line,  Wc  =  W'nax ,  shows  the  cutoff  value  for  Wc 
above  which  A0>  L .  In  the  cases  shown,  the  cutoff  is  reached  before  any  oscillation 

(extremum)  is  found  in  the  bridging  zone.  The  limit  configuration  would  be  defined  by  the 
intersection  of  the  upper  and  lower  curves.  This  characteristic  is  common  to  all  numerical 
solutions  that  have  been  surveyed.  Thus  conditions  for  oscillations  in  the  displacement  profile 
are  apparently  not  readily  achieved  in  the  steady  state  configuration  for  linear  bridging. 

4.  CONCLUSIONS 
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The  dynamic  mode  I  cracking  behavior  of  a  symmetric  laminate  containing  possibly  large 
bridging  zones,  constituted,  for  example,  of  through-thickness  reinforcement,  has  been  analyzed 
by  beam  theory.  The  character  of  the  displacement  profile  shows  features  similar  to  those  in  the 
analogous  static  loading  problem,  including  the  possibility  of  oscillations  extending  far  into  the 
crack  wake.  However,  the  details  of  the  functional  form  of  the  profile,  including  the  existence  of 
oscillations,  depend  not  only  on  the  sign  and  magnitude  of  the  bridging  stiffness  parameter,  but 
also  on  the  crack  velocity. 

Steady  state  solutions,  i.e.,  crack  configurations  propagating  invariantly  at  constant  velocity, 
have  been  proven  to  exist  for  significant  parameter  domains  for  the  particular  problem  of  a 
Double  Cantilever  Beam  (DCB)  specimen  loaded  by  a  flying  wedge.  The  steady  state  crack 
propagation  characteristics  have  been  mapped  out  in  terms  of  controllable  loading  and  material 
parameters,  including  the  wedge  angle,  the  interlaminar  fracture  energy,  and  the  properties  of  the 
through-thickness  reinforcement.  Interesting  trends  include  the  following. 

For  even  moderately  large  crack  velocities,  typically  aV  / -JGq  >  10  ,  kinetic  energy  dominates 

the  fracture  process  and  the  relative  effect  of  both  the  bridging  contribution  of  the  reinforcement 
and  the  intrinsic  fracture  toughness  of  the  laminate  are  small.  In  typical  quasi-isotropic  laminates 
reinforced  by  through-thickness  stitching  this  occurs  when  v/c\  >0.1.  Our  calculations  and  the 
diagram  of  Figure  4b  show  that  in  this  limit,  the  crack  profile  is  well  estimated  by  the  high 
velocity  limit  (absence  of  bridging  and  intrinsic  toughness). 

For  small  to  moderate  crack  velocities,  typically  aV / -^G~0  <  5 ,  the  steady  state  cracking 

characteristics  are  very  strongly  influenced  by  the  bridging  mechanism,  which  significantly 
enhances  the  delamination  resistance  of  the  structure.  This  is  reflected  both  in  the  equilibrium 
force  required  to  drive  the  wedge  as  well  as  in  the  wedge-crack  tip  separation  distance,  L.  This 
regime  is  of  the  most  practical  significance,  since  low  crack  velocities  will  be  favored  for  other 
loading  configurations,  such  as  normal  impact  on  the  laminate,  to  avoid  the  penalty  of  imparting 
high  kinetic  energy  to  the  material.  In  crack  propagation  solutions  where  the  crack  tip  is  not 
constrained  to  travel  at  a  given  velocity,  here  the  velocity  of  the  wedge,  it  will  seek  an 
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energetically  favourable  velocity.  Through-thickness  reinforcement  might  thus  be  regarded  as 
removing  easy,  low  velocity  fracture  paths  under  certain  dynamic  conditions. 

The  steady  state  cracking  configuration  cannot  be  realized  for  all  test  and  material  parameters. 
In  many  cases,  an  upper  bound  to  the  admissible  velocity  exists,  above  which  bridging  ligament 
fracture,  which  is  necessary  for  maintaining  a  zone  of  fixed  length,  will  not  occur  before  the 
wedge  reaches  the  ligaments. 

Since  the  load-point  displacement  and  the  equilibrium  length  depend  fairly  strongly  on  the 
velocity,  the  wedge  angle,  and  the  bridging  parameters,  the  possibility  arises  of  using 
measurements  of  the  load  point  displacement  and  the  equilibrium  length  during  systematic 
variations  of  the  velocity  and  the  wedge  angle  to  explore  the  dynamic  constitutive  behaviour  of 
the  through-thickness  reinforcement.  The  simplicity  of  the  wedge  loaded  DCB  and  the  beam 
analysis  makes  this  an  attractive  experimental  approach. 
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Appendix  A:  Solutions  for  an  unbridged  crack  and  limiting  configurations 


In  the  absence  of  bridging,  the  deflection  profile  satisfying  the  equilibrium  equation  and  the 
boundary  conditions  presented  in  equation  18  is: 


W„(£)  = 


r  V (2%  —  n)  Cos(VLa )  +  VjU  Cos(V(Lu  +£))  ' 
+  (2  +  V2jut)Sin(VLa )  -  2  Sin{V(Lu  +£)), 


4V  Sin (VLu  /  2) 


Sin{VLu  /2)-PV  Cos{VLu  /  2) 

V  2  J 


(A.l) 


Solution  of  the  system  of  transcendental  equations  below  (the  conditions  in  Eqns.  19  and  20) 
yields  Lu  and  Fu  as  dictated  by  equilibrium  considerations  and  accounting  for  the  energy  flow 
into  the  crack  tip  region: 


a  V (Sin(VLu )  -  ^  Cos(VLa )) 

\-Cos(VLJ-^  Sin(VLJ 


2  aV2(a  +  ju) 
\-Cos(VLj-^  SiniVLJ 


(A. 2a) 


(A. 2b) 


When  [i  =  0 ,  we  obtain: 


Lu  =  —  Tan  1 
V 


(  \ 

aV 


Jg, 


Fu=  Gq  +V2a2 


(A. 3a) 


(A. 3b) 


As  expected  the  above  approach  to  calculating  the  force  is  identical  to  that  obtained  with  the 
energy  balance  approach  (Eq.  28b). 
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High  velocity  limit 

In  the  high  velocity  limit  V j -JGq  — >  °°  (which  can  be  approximated  for  V  <  1  since  Gq  is 

typically  ~  10  5  or  less),  taking  the  appropriate  branch  of  Tan'1  in  Equations  (A.l)  and  (A. 2) 
yields: 


^=v 


71  +  Tan 


-l 


C  jUV^ 

V  2  J) 


(A.4a) 


-  8  a(a  +  n ) 

‘‘v  -  2 

It 


h  +  cxi  _  i 


(A.4b) 


Wu  =- 


a 


(V$  -  sin  V$). 


1  + 


//V2 


2V  / 
Cos2 


i  Tan-'G^ 


V  z  J) 


l  +  ^Tan 


Tan 


-i 


f  juV^ 
V  2  J)) 


{-L<Z<  0) 


(A.4c) 


When  n  =  0  and  when  V j -JGq  — > °° ,  Equations  (A.l)  and  (A. 2)  yield: 

(A. 5a) 
(A. 5b) 
(A. 5c) 


Fv=V2a 2 

Wv  =  -  —  (V£-sinV£)  (-L<£<  0) 


Quasi-static  limit 

When  V  — >  0,  Equations  (A.l)  and  (A. 2)  yield: 


L 


v=o 


2 cr  +  jU^j Gf)  +  +  //  G{] 


(A. 6a) 


12/01/02 


30 


DYNAMIC  DELAMINATION 


f*-  Rockwell 
-4  SCIENTIFIC 


F  = 


&a(a  +  /j, ) 
M2 


1  2 

[J1+Ga^ 

-  l 

) 

(A. 6b) 


Wv=0=-^(3m2^2 -4a{3 +2^4a2+ <u2Gq{3 


6jU 


(-L<£<  0).  (A. 6c) 


When  /I  =0  and  when  V  — »  0,  Equations  (A.l)  and  (A. 2)  yield: 


Ew_n  — 


2  a 


JV=0  —  r=- 

Gn 


(A.  7  a) 


A  =  G 
1  v=0  *-*0 


(A. 7b) 


H'v.o=I^(Gof5  +  6«^!) 


(-L  <  £<  0)  .  (A.7c) 


Small  scale  bridging  limit 

The  small  scale  bridging  limit  (SSB)  is  obtained  from  the  equations  above  by  substituting 
Gt  =  G0  +  AG0  for  G0 . 
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Figure  Captions 

1.  (a)  Schematic  of  beam  element  in  equilibrium,  (b)  Schematic  of  through-thickness 
reinforced  DCB  specimen  loaded  with  a  flying  wedge  where  2  a  is  the  wedge  angle,  /  is 
the  distance  between  the  wedge  and  crack  tip,  ao  is  the  length  of  the  bridging  zone,  a  is 
the  total  crack  length,  h  is  the  thickness  of  the  beam  arm,  and  v  is  velocity  of  the  wedge. 
The  co-ordinate  system  is  chosen  such  that  X  =  0  is  the  crack  tip  and  X  =  -/  is  the  wedge- 
beam  contact  point. 

2.  Map  of  types  of  solution  for  the  crack  opening  profile:  T  =  trigonometric  functions;  H  = 
hyperbolic  functions;  T  +  H  =  sums  of  trigonometric  and  hyperbolic  functions;  TH  = 
product  of  hyperbolic  and  trigonometric  functions,  (a)  Timoshenko  beam,  (b)  Euler- 
Bernoulli  beam. 

3.  Variation  of  the  force  applied  to  the  wedge,  F ,  normalized  by  the  force  applied  to  the 
wedge  in  the  absence  of  bridging,  Fu  ,  as  a  function  of  the  normalized  velocity  parameter 

aV  /  yj Go  f°r  different  values  of  the  parameter  AG^  /  Gq  .  Also  shown  is  the  variation 
with  the  friction  coefficient  parameter,  //2G0  /4a2 . 


4.  Normalized  deflection  profile  of  the  DCB  arm  for  different  values  of  the  normalized 
velocity,  (a)  Comparison  of  the  exact  solutions  (solid  lines)  with  profiles  obtained  by  SSB 
approximation  (dashed  lines)  (b)  Comparison  of  the  exact  solutions  (solid  lines)  with 
profiles  obtained  by  the  high  velocity  approximation  (dashed  lines).  When  V  =  0.001,  the 
length  L  =  907  . 

5.  Variation  of  L,  normalized  by  the  unbridged  quasi- static  value,  Lu  |  ,  as  a  function  of  the 

normalized  crack  velocity,  V  .  Comparison  of  the  exact  solution  (solid  lines)  with 
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solution  obtained  by  SSB  approximation  (dashed  line)  is  shown.  Lv ,  the  length  in  the  high 
velocity  limit,  is  also  shown  (the  thick  dashed  line). 


6.  Variation  of  the  bridging  zone  length,  Aq,  normalized  by  its  value  for  a  static  unbridged 


crack,  Aq 


v=0 


,  as  a  function  of  the  normalized  crack  velocity,  V  .  Comparison  of  the 


exact  solutions  (solid  lines)  with  the  high  velocity  approximation  (dashed  line). 


7.  Variation  of  the  bridging  zone  length,  A0 ,  normalized  by  L,  as  a  function  of  the  (a) 
normalized  crack  velocity,  V  and  (b)  the  bridging  stiffness  parameter  B. 

8.  Variation  of  W(max ,  the  maximum  allowable  value  for  Wc ,  as  a  function  of  the  bridging 
parameter  B.  For  all  values  of  Wc  greater  than  W(max ,  steady  state  crack  propagation  is  not 
possible  since  bridging  ligaments  remain  intact  in  the  wedge  wake  ( A0  >L ).  Curves 
correspond  to  different  values  of  the  crack  velocity,  V  ,  and  the  bridging  parameter  P0 . 


9.  Variation  of  the  bridging  zone  length,  A0 ,  and  the  maximum  allowable  bridging  zone 
length,  %ext ,  as  a  function  of  the  bridging  ligament  failure  condition,  Wc .  The  lower  curve 
is  the  equilibrium  value  A0  .  The  upper  curve  corresponds  to  %ext  above  which  crack  face 
oscillations  will  start  to  occur.  The  vertical  line  is  the  maximum  allowable  value  for  Wc , 
above  which  steady  state  crack  propagation  is  not  possible  since  bridging  ligaments 
remain  intact  in  the  wedge  wake  ( A0  >  L ). 
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Abstract 

Inertial  effects  in  the  mechanism  of  fibre  pullout  (or  push-in)  are  examined,  with  emphasis  on 
how  the  rate  of  propagation  of  stress  waves  along  the  fibre,  and  thence  the  pullout  dynamics, 
are  governed  by  friction  and  the  propagation  of  companion  waves  excited  in  the  matrix.  With  a 
simple  shear  lag  model  (assuming  zero  debond  energy  at  the  fibre/matrix  interface),  the  effect  of 
uniform  frictional  coupling  between  the  fibre  and  the  matrix  is  accounted  for  in  a  straightforward 
way.  Analytical  solutions  are  derived  when  the  pullout  load  increases  linearly  in  time.  The  process 
zone  of  activated  material  is  generally  divided  into  two  or  three  domains  along  the  axis  of  the 
fibre.  Within  these  domains,  slip  in  the  sense  implied  by  the  load,  slip  in  the  opposite  sense 
(reverse  slip),  and  stick  may  be  observed.  The  attainable  combinations  define  three  regimes  of 
behavior,  which  are  realized  for  different  material  parameter  values.  The  elastodynamic  problem 
is  also  solved  more  accurately  using  a  plane  stress  finite  element  method,  with  friction  represented 
by  an  interfacial  cohesive  zone.  The  predictions  of  the  shear  lag  theory  are  broadly  confirmed. 
©  2003  Elsevier  Science  Ltd.  All  rights  reserved. 

Keywords:  Dynamics;  Friction;  Fibre-reinforced  composite  material;  Finite  elements 


1.  Introduction 

The  mechanics  of  pullout  have  been  much  studied  and  are  well  understood  for  static 
loading.  Simple  analytical  forms  are  available  for  p( S),  the  relationship  between  the 
pullout  load,  p ,  and  the  displacement,  3,  of  the  fibre’s  end,  when  the  frictional  coupling 
of  the  reinforcement  to  the  matrix  is  uniform  and  slip  extends  over  distances  that 
are  large  compared  to  the  reinforcement  diameter  (Marshall  et  al.,  1985;  McCartney, 
1989;  Hutchinson  and  Jensen,  1990).  In  this  limit,  which  is  a  common  case  in  ceramic 
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composites  and  textile  polymeric  composites,  the  shear  lag  model  of  load  transfer 
between  the  reinforcement  and  the  matrix  is  accurate. 

The  success  of  shear  lag  models  in  matching  numerical  calculations  and  experiments 
for  static  pullout,  given  appropriate  restrictions,  encourages  the  viewpoint  that  similarly 
simple  models  might  reveal  some  key  aspects  of  pullout  under  dynamic  loads.  Prior 
work  on  the  problem  of  a  dynamically  loaded  rod  subject  to  uniform  friction  has  re¬ 
vealed  some  interesting  characteristics  of  the  effect  of  friction  on  the  propagation  of 
stress  waves  (Nikitin  and  Tyurekhodgaev,  1990).  For  end-loading  that  rises  continu¬ 
ously  from  zero,  the  stress  front  propagates  at  velocities  less  than  the  bar  wave  speed 
by  a  factor  that  depends  on  the  loading  rate.  Only  for  step  loading  does  the  front  prop¬ 
agate  at  the  bar  wave  speed.  This  strong  effect  of  friction  results  in  significant  stiffening 
of  the  response  of  the  bar,  measured  as  its  end  displacement  for  a  given  load,  rela¬ 
tive  to  the  static  loading  case.  On  the  other  hand,  when  motion  ceases  following  step 
loading,  the  net  fibre  displacement  is  exactly  twice  that  expected  for  static  loading  to 
the  same  load — in  this  case,  dynamic  effects  lead  to  effective  softening  of  the  response 
(Nikitin  and  Tyurekhodgaev,  1990).  The  front  configuration  and  front  speed  for  this 
simple  bar  problem  can  be  explained  by  considering  energy  conservation  and  kinetic 
constraints  at  the  front. 

When  the  fibres  are  embedded  in  an  elastic  matrix,  the  problem  is  complicated  by  the 
interaction  between  the  stress  waves  in  the  fibre  and  those  excited  in  the  matrix.  The 
front  conditions  must  then  be  expected  to  exhibit  new  characteristics  and  consequently 
the  load-displacement  relationship  for  the  fibre  end  must  be  affected.  The  role  of  the 
matrix  in  dynamic  pullout  is  the  topic  of  this  paper. 

In  a  previous  study  (Cox  et  al.,  2001;  Sridhar  et  al.,  2001)  a  shear  lag  model  that  was 
directly  analogous  to  that  used  successfully  in  static  pullout  problems  (Hutchinson  and 
Jensen,  1990)  was  extended  to  high  loading  rates  with  loading  boundary  conditions  that 
were  appropriate  to  the  context  of  a  bridged  crack:  the  load  was  specified  as  a  far-field 
condition  within  the  body  of  the  fibre/matrix  system,  rather  than  at  the  fibre  end.  Here 
new  solutions  are  derived  using  a  shear  lag  formulation  with  conditions  appropriate  to 
fibre  pullout:  the  load  is  specified  as  a  condition  on  the  fibre  end,  with  the  far-field 
being  stress-free.  This  configuration,  as  well  as  being  interesting  as  a  theoretical  study, 
is  representative  of  laboratory  experiments  that  might  be  used  to  study  frictional  effects 
during  pullout  (Rosakis  and  Owen,  2003). 

Friction  is  assumed  here  to  be  spatially  uniform  and  independent  of  time  or  rate. 
Generally,  friction  in  fibre  pullout  can  be  influenced  by  (1)  Poisson’s  effect,  which 
causes  the  fibre  to  shrink  radially  when  it  is  pulled  and  thereby  lowers  the  normal 
pressure  at  the  interface;  (2)  initial  residual  compressive  strains  across  the  interface 
(e.g.,  due  to  mismatching  thermal  shrinkage  during  cool-down  from  processing);  (3) 
interface  roughness  effects,  which  tend  to  increase  the  normal  pressure  at  the  interface 
when  the  fibre  slides  relative  to  the  matrix  (the  interface  being  pushed  apart  by  mis¬ 
matching  asperities);  and  (4)  dynamic  effects.  The  interplay  of  all  these  factors  can  be 
complex.  Poisson’s  effect  and  roughness  effects  tend  to  cancel  one  another  out;  in  one 
material  system,  presumably  by  happy  accident,  the  cancellation  appears  to  be  fairly 
exact  (Parthasarathy  et  al.,  1994).  In  other,  recent  experiments  where  dynamic  effects 
were  anticipated,  the  curious  result  appeared  that,  in  the  system  studied,  the  friction 
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remained  unchanged  for  short  times  (~  1  |is  )  after  a  change  of  state,  but  changed  over 
longer  times  (Rosakis  and  Owen,  2003).  Short  times  are  relevant  to  the  problem  stud¬ 
ied  here.  But  in  spite  of  these  two  interesting  results,  assuming  uniform  friction  is  a 
simplification.  Generalization  to  non-uniform  friction  may  affect  the  qualitative  nature 
of  some  aspects  of  solutions  to  dynamic  problems  and  will  need  to  be  addressed  in 
due  course. 

The  assumption  of  uniform  friction  should  be  distinguished  from  any  assumption 
that  Poisson’s  ratio  is  zero.  In  fact,  shear  lag  results  are  derived  here  for  general 
isotropic  elasticity  in  the  fibres  and  matrix.  Assuming  that  friction  is  uniform  speaks 
to  the  physics  of  the  friction  process,  which  may  be  influenced  by  other  phenomena, 
as  outlined  above. 

Provided  friction  is  approximately  uniform  in  a  given  system,  the  shear  lag  results 
derived  here  are  equally  applicable  to  fibre  push-in,  with  appropriate  changes  of  sign. 
Fibre  pullout  and  push-in  experiments  are  widely  used  in  static  loading  problems  to 
characterize  friction  and  composite  behaviour.  A  prime  attraction  of  the  methods  is 
the  simplicity  of  both  the  phenomena  involved  and  their  (accurate)  analysis  by  shear 
lag  approximations.  Therefore,  strong  motivation  exists  for  seeking  extensions  of  these 
experiments  in  the  dynamic  regime. 

Some  interesting  new  characteristics  of  stress  wave  propagation  are  discovered  for 
the  particular  case  of  a  load  that  increases  linearly  in  time.  The  regime  of  validity 
of  the  shear  lag  approximation  is  then  assessed  by  finite  element  calculations  of  a 
fibre/matrix  system  in  which  friction  is  represented  as  a  cohesive  zone. 


2.  Shear  lag  approximation 

The  shear  lag  approximation  in  the  axisymmetric  problem  of  the  pullout  of  a  cylin¬ 
drical  fibre  may  be  stated  as  the  assumption  that  the  displacements  and  stresses  in 
any  section  normal  to  the  z-axis  (the  axis  of  the  fibre)  are  characterized  by  Lame-like 
solutions,  generalized  to  allow  variations  with  z  (Hutchinson  and  Jensen,  1990).  Thus 
all  displacements  are  separable  functions  of  z  and  the  radial  variable,  r ;  and  the  de¬ 
pendence  on  r  has  a  known,  simple  form.  For  static  loading,  shear  lag  is  an  accurate 
approximation  as  long  as  the  slip  distance,  ls,  is  large  compared  to  the  fibre  diameter, 
d.  This  is  equivalent  to  requiring  that  the  axial  stress  in  the  fibre  and  the  matrix  should 
vary  slowly  over  distances  comparable  to  the  fibre  radius  (Naim,  1997).  The  shear  lag 
approximation  is  quite  accurate  in  the  static  case  over  a  wide  range  of  fibre/matrix 
modulus  ratios,  and  fibre  volume  fractions  (Freund,  1992;  Naim,  1997).  In  the  analy¬ 
sis  that  follows,  the  shear  lag  approximation  is  shown  to  work  well  for  the  dynamic 
problem  as  well.  The  analytical  solutions  obtained  with  the  shear  lag  assumption  are 
attractively  simple  and  insightful  and  provide  limits  against  which  three-dimensional 
(3D)  numerical  solutions  can  be  compared. 

For  the  static  pullout  problem,  Lame-like  solutions  have  also  been  developed  with 
a  non-zero  debond  energy  included  (energy  required  for  separation  of  the  fibres  and 
the  matrix)  (Freund,  1992).  Here,  the  debond  energy  is  assumed  to  be  zero  (fibres  and 
matrix  already  chemically  separated).  In  many  materials,  the  work  done  against  friction 
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dominates  and  solutions  in  which  the  debond  energy  is  included  must  then  approach 
those  obtained  here  asymptotically.  Models  of  the  static  behaviour  of  composites  with 
weak  interfaces,  especially  ceramic  composites,  often  ignore  the  debond  energy  suc¬ 
cessfully.  Dynamic  analysis  of  materials  in  which  the  debond  energy  is  not  small  could 
be  significantly  more  complicated. 


3.  Micromechanics  of  dynamic  pullout 


When  friction  is  the  only  active  force  of  resistance,  the  dynamic  pullout  problem 
is  one  of  wave  propagation  along  a  fibre  in  the  presence  of  frictional  retardation.  For 
simplicity  of  language,  the  presentation  of  shear  lag  results  will  be  confined  to  an 
axisymmetric  problem.  However,  the  plane  problem  of  a  plate-like  fibre  and  matrix 
has  identical  form  in  the  shear  lag  approximation,  with  an  appropriate  redefinition  of 
the  radius  variable  in  terms  of  a  thickness  variable  (Appendix  A). 

The  pullout  problem  can  be  idealized  as  follows.  A  representative  volume  (Fig.  1) 
consists  of  a  cylindrical  fibre  of  radius  Rf  embedded  in  a  matrix  (z  ^  0).  The  matrix 
is  represented  by  a  cylindrical  shell  whose  thickness  corresponds  to  a  fibre  volume 
fraction,  /,  with  appropriate  boundary  conditions  on  its  outer  surface.  Both  media  are 
assumed  to  be  isotropic,  with  Young’s  moduli  Ef  and  Em,  Poisson’s  ratios  ji\  and  /(,„ , 
and  densities  pf  and  pm  (subscript  m  denoting  matrix  and  f  fibre).  The  axial  displace¬ 
ment,  strain,  and  stress  of  the  fibre  and  the  matrix  are  denoted  ut-  and  um ,  Ef  and  sm, 
and  Of  and  rrm,  respectively.  Following  the  strategy  of  shear  lag  for  axisymmetric  prob¬ 
lems,  the  wave  problem  can  be  reduced  to  equations  in  the  spatial  variable,  z,  only; 
variations  in  any  section  transverse  to  the  z-axis  are  solutions  of  the  Lame  problem. 

The  fibre  is  coupled  to  the  matrix  by  the  friction  stress  tf  where 

fto  (when  Uf  —  um  <  0), 

f  (when  Uf  —  iim  =  0),  (la) 

— To  (when  uf  —  tim  >  0). 


The  friction  stress  is  assumed  to  be  uniform  and  constant  where  relative  motion  exists 
and  indeterminate,  with  the  bound  |f|  <  t0,  where  there  is  no  relative  motion.  With 
such  a  friction  law,  the  dynamic  wave  equations  for  the  fibre  and  the  matrix  subject 
to  the  shear-lag  approximation  are  (see  Appendix  A): 


02«f 

2rf  1 

- 

02Mf 

0Z2 

|<N  4- 

1  O 

- 

4- 

1 

dt2 

02MIr 

i  2/  Tf 

1 

0  Um 

0Z2 

1  -  /  R{ Em 

? 

cm 

dt2 

where  c,  = 

\J Ei/pi,  Ej  =Ei(  1  -  /«,-)/((  1  +  pi 

(matrix), 


(2a) 

(2b) 


conditions  at  z  =  0  are  that  the  matrix  is  stress-free,  while  the  fibres  sustain  the  axial 
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2Rf 


Fig.  1.  Schematic  of  the  dynamic  pullout  problem  in  a  composite  near  the  fracture  plane. 


traction  <7f(0,  t)=  p(t).  In  a  crack  problem,  shear  tractions  may  arise  along  the  vertical 
boundaries  of  the  representative  volume  (parallel  to  z),  but  these  are  neglected. 

The  following  normalizations  are  introduced:  Z  =z/Rf,  T  =  Cft/Rf,  and  U  =  u/Rf. 
Combining  Eqs.  (1)  and  (2)  yields 

d2Uf  _  d2U{ 

vz2  ~  Hr2 

02f/m  „id2Um 


=  CL 


-  iSign((/m  -  U  f), 

(pr  Sign(t/m  -  Uf), 


(3a) 


(3b) 


8z2  0r2 

where  the  dimensionless  parameters  include  the  wave  speed  ratio  C,  the  modulus  ratio 
<p,  and  the  normalized  interfacial  friction  stress  r: 


C2  =  -4-  = 


Ef/pf 


Cn  Em/pn 


cp  = 


fEf 


t  = 


(l-/)£m’ 

2t0 


E{ 


(4a) 

(4b) 

(4c) 


4.  Boundary  fibre  stress  rising  linearly  in  time 

Finding  solutions  to  Eqs.  (3)  and  (4)  for  general  loading  histories  is  complicated 
by  the  non-linearity  inherent  in  the  friction  term.  However,  analytical  results  can  be 
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obtained  for  special  cases,  including  that  of  a  load  rising  linearly  in  time.  Since  a  linear 
loading  history  has  some  practical  importance,  solutions  for  this  case  will  be  described 
here  to  explore  various  interesting  characteristics  of  the  dynamic  pullout  phenomenon 
and  for  assessing  the  validity  of  the  shear  lag  approximation.  The  solutions  were  found 
by  observing  that  the  boundary  conditions  admitted  only  quadratic  functions  of  position 
and  time;  and  seeking  self-consistent  patterns  of  motion  (slip,  stick,  and  reverse  slip) 
by  heuristic  arguments. 

Let  the  linear  loading  function  be 


p(t )  =  Got/to , 


(5a) 


where  Go/to  is  constant.  The  following  further  normalized  parameter  is  employed: 


ToCfto 
G0Rf  ’ 


(5b) 


where  k  is  the  inverse  loading  rate. 

Solutions  to  the  linear  loading  problem  are  characterized  by  the  existence  of  either 
two  or  three  domains  of  z,  depending  on  the  magnitudes  of  C  and  cp.  Displacements 
are  continuous  and  smooth  within  each  domain;  but,  since  the  friction  stress  can  be 
discontinuous  at  a  domain  boundary,  the  displacements  need  only  be  continuous,  not 
smooth,  at  domain  boundaries. 

The  domains  will  be  denoted  [0, /i],  [hJi],  and,  if  a  third  domain  exists,  [h,h]- 
The  domain  boundaries  move  linearly  in  time,  i.e.,  /,  =  (i  =  1 ,  2  or  3),  where 
the  constants  f/,  depend  on  the  material  and  geometrical  parameters.  Thus  the  furthest 
propagation  of  the  stress  disturbance  lies  at  the  front  z  =  /totai  (where  /totai  =  h  or  /? 
depending  on  the  value  of  C  and  (p )  where,  for  end  loading  of  the  fibre,  the  additional 
boundary  condition  holds,  that  u f  =  it  m  =  0.  The  domain  [0,  /total],  he.,  the  entire  of 
domain  of  activated  material,  will  be  referred  to  as  the  process  zone,  rather  than  the 
slip  zone,  since  in  some  cases  part  of  it  will  not  be  actively  slipping. 

The  displacements  are  always  piecewise  quadratic  functions  of  axial  position,  z.  The 
stresses  are  therefore  linear  in  z.  In  exhibiting  the  solutions  in  the  following,  only  the 
displacements  will  be  described  in  detail,  for  brevity. 

Three  different  regimes  of  physically  distinct  behavior  can  be  identified  for  different 
values  of  the  dimensionless  wave  speed  ratio  C,  as  follows. 


4.1.  Regime  I:  pure  slip  ( C  >  Cu ) 


In  this  regime,  two  domains  are  present  (/totai  =  h  )•  The  regime  is  defined  by  the 
wave  speed  ratio,  C,  exceeding  an  upper  critical  value,  Cy ,  which  is  specified  in 
Section  4.4.  The  displacement  solutions  to  the  wave  equation  subject  to  the  initial  and 
boundary  conditions  are 


Uf(Z,T)  = 


t(-Z  +  Trl2){Z(k  +  m)-n  1  -  km)) 

2k{\+rfo 


(0  ^  z  ^  niT), 


(6a) 
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Fig.  2.  Spatial  variation  of  the  particle  velocity  when  (a)  Cu  ^  C  (b)  Q,  <  C  <  Cu  and  (c)  0  <  C  ^  Cl- 
This  variation  is  shown  for  both  the  fibre  (solid  lines)  and  the  matrix  (dashed  lines)  for  cp  —  2.00,  k  =  0.05, 
t  =  0.005  and  when  T  =  0.1. 


T  Cp 


'Z2(1  +V]C2 -2nimC2) 


Um{Z ,  T )  = 


\+T  (t]2  -  +  tf^C  ) 

2(1  +^C2)(1  -f/2C2) 

t(P  ^  ..  rr  .2 


:(Z  ~  mT) 


2(i  -nlc2)' 

The  front  speeds  //i  and  y]2  are  given  by 

1 

m  =  C’ 

rii  =  vTTf2  -  k 


(0 

imT  <  z  <  mT)- 


(6b) 


(7a) 

(7b) 


and  are  independent  of  time. 

The  particle  velocity  variation  is  shown  in  Fig.  2a  as  a  function  of  position  for  two 
different  times.  As  time  increases,  the  process  zone  grows  and  the  particle  velocity  at 
a  given  material  point  increases  in  both  the  fibre  and  the  matrix.  The  matrix  particle 
velocity  is  greater  than  the  fibre  particle  velocity  (iim  >  iif)  over  the  entire  process 
zone;  and  hence  both  domains,  [0, l{\  and  [/i,/2]  are  slip  zones  with  t|-  =  t().  At 
fixed  time,  the  particle  velocity  decreases  linearly  with  position  z,  whereas  the  particle 
velocity  in  the  matrix  is  spatially  uniform  in  the  domain,  [0,  l{\,  but  then  decreases 
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linearly  to  zero  in  the  domain,  \li,li\.  The  normalized  front  speed  i/i  depends  only  on 
C  and  the  normalized  front  speed  17 2  depends  only  on  k  (Eq.  (7)).  Both  17 \  and  17 2  are 
independent  of  cp  and  thus  of  the  fibre  volume  fraction. 


4.2.  Regime  II:  slip- stick  (Cl  ^  C  ^  Cu ) 


The  second  limiting  value,  Cl,  is  also  specified  in  Section  4.4.  When  the  wave 
speed  ratio  is  bounded  by  Cl  ^  C  ^  Cu,  there  are  again  two  domains  ( /total  =  h)  and 
the  displacement  solutions  to  the  wave  equation  subject  to  the  prescribed  initial  and 
boundary  conditions  are 


Uf(Z,  T )  = 


/  -Z2(2k  +  t]\  +  172)  +  2ZT(l  +  171172) 

\+T2(2biit]2  -  171  -  172) 

4&(1  +171172) 
t(i7i  +  2krji  —  1  )(Z  —  172T)2 


4A'(1  +171172X1/2  -  1/ 1) 


(O^Z^i/iT), 


(i/iT  <  Z  ^  t]2T), 

(8a) 


£/m(z,r) 


/Z2((i77+27ci7i-l)(i72-i7i)C2+2A:(7)(l+i7ii72))  \ 
\  +  T2((i7 2  +2^1/ 1  —  1  )(i/2 — 171  )~2k(pt]2 ( 1  +17 1 172 ) )  / 
4A:(  1 +17 1 172XI +172C2) 

t(  177+2^:171— i)(z— i72r)2 

-  4^(  I+17 1/72)1 172— f/i ) 


(o^Zsg^r), 


(n\T  <Z^rj2T). 

(8b) 


The  process  zone  front  speed  172  is 


172 


1  +  (p 

C2  +  cp 


while  171  is  obtained  by  solving  the  cubic  equation: 

(17,  +  2A171  -  1)(1  +  C2 171 172)  +  2Ar<7?(  1  +  1/1172)171  =0. 


(9a) 


(9b) 


Analysis  shows  that  171  has  only  one  real  positive  root  which  always  lies  in  (0,1). 
The  spatial  particle  velocity  variation  is  shown  in  Fig.  2b.  The  matrix  particle  velocity 
in  the  domain  [0,  l{\  is  greater  than  the  fibre  particle  velocity  (iim  >  iif)  for  any  z, 
and  hence  slip  is  occurring.  Flowever  in  \l\,  l2],  the  particle  velocity  is  the  same  in  the 
fibre  and  the  matrix  and  hence  in  this  domain  the  fibre  and  matrix  stick.  The  interfacial 
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friction  stress  in  this  stick  zone  is 

(tf  +  ikm-w-c2) 

Tf  =  T  =  To - r 

2*0n(i  -  c2)  +  (i  -  +  <p)(\  +  (P)) 


(10) 


where  iji  has  been  obtained  by  solving  Eq.  (9b).  This  expression  for  the  friction  stress 
always  satisfies  if  <  |tq|. 


4.3.  Regime  III:  slip-reverse  slip  C  ^  Cl 


In  this  case,  the  wave  speed  ratio,  C,  obeys  the  bound  C  ^  CL  and  three  domains 
exist  (/total  —  1 3  )•  The  displacement  solutions  to  the  wave  equation  subject  to  the  initial 
and  boundary  conditions  are 


'  /Z2(2k(m-2,l3-\)-(l+m)(l+r,3))  \ 

t  -T2(l+ri3+2kr]3+in(l+ri3-2k(f]i+2))) 

\+2zni+m)(i+m) _ / 

4A:(1+J7i)(1+i/3) 

/ Z2(1+i/3  — f/2(  I+173 )+2A'(/7j  —  1—2i/1(1+i;3)))  \ 
t  +T2((f/j  —  1  )(1  +>73  )+4At7!  -\-2kr)3{ri\  -\-2rii~  1 )) 
V+2Zr(i/2+4A7/1-l)(l+i?3) _ l 

4k(rj]-\)(\+ri3) 

x(Z-mT)2 
.  2k{\-r}2) 


(0  ^Z^rhT\ 


(r]\T  <Z^rj2T), 


(mT  <Z^rj3T) 

(11a) 


Um(Z,  T)  = 


Z\  1  +  i/2C2  -  4 ,llll3cz  +  2 r\\C2) 


2^\ 


T  Cp 


+T  (ri3-4glr]3+2rilt]3C  +2i/,) 
2(1-i/2C2)(1+J72C2) 

tcp(Z  -  t]3T) 


Z(1  -  iy2C2  +  4mmC2) 


+t0i3  -  >i\mc  —  4/ji) 


2(172C2-1)(^C2  +  1) 


(o^z^ijir). 


(1/1 T  <  Z  ^  r\3T). 


(lib) 


The  front  speed  rj 2  is 
'72  =  1 


(12a) 
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while  t] i  and  173  are  obtained  by  solving  the  cubic  equations: 

m-n\mc2  +  2m(rl2c2-  i)  =  o,  (12b) 

1  (pi.nl  ~4<?i>?3  +  tiW2c2  +  2ti2)  =  (i  -  in) 

(1/1  +  I)  (173  +  1)  -  fl2C2)(l  +  tfC2)  2k  '  (  J 

The  particle  velocity  varies  with  z  as  shown  in  Fig.  2c.  The  matrix  particle  velocity 
over  0  ^  Z  ^  rj\T  is  greater  than  the  fibre  particle  velocity  ( u  m  >  u  f)  whereas  in  the 
region  tj\T  +  Z  ^  r/3  T  the  fibre  particle  velocity  is  greater  than  the  matrix  particle 
velocity  (u  f-  >  um ).  As  a  consequence,  the  interfacial  friction  stress  between  the  fibre 
and  the  matrix  in  the  slip  region  is  tf  =  to  whereas  in  this  second  region  it  is  Xf  =  —%o. 
This  second  region  is  termed  the  “reverse  slip”  region  since  the  relative  velocity  of 
the  fibre  and  the  matrix  has  the  opposite  sense  to  that  implied  by  the  sense  of  the 
load.  The  front  speed  of  the  slip  region  i]\  and  that  of  the  reverse  slip  region  rj 2  are 
functions  of  C,  <p,  and  k,  and  are  obtained  by  solving  Eq.  (12). 


4.4.  Map  of  regimes  of  behavior 


Regimes  of  pure  slip,  slip-stick  and  slip-reverse  slip  are  determined  by  the  material 
and  loading  parameters  C,  cp,  and  k.  For  the  transition  from  slip-stick  to  pure  slip,  the 
friction  stress  within  the  stick  zone  (where  Uf  =um)  in  the  stick-slip  problem  should 
reach  the  critical  value  of  r  =  tq.  Thus  from  Eq.  (10) 


(f/j  +2kr\\  —  1  )(1  —  Cy) 


2*(»n(l  -  C2  )  +  (1  -  rfiWiCf,  +  </>)(! +</>)) 


=  1, 


(13) 


where  t]\(Cu,(p,k)  is  obtained  by  solving  Eq.  (9b).  Eq.  (13)  determines  the  critical 
velocity  ratio,  Co-  For  a  transition  from  the  slip-stick  regime  to  the  slip-reverse  slip 
regime,  the  friction  stress  within  the  stick  zone  (where  «f  =  um)  in  the  slip-stick 
problem  should  reach  the  critical  value  of  x  =  —  tq.  Thus  from  Eq.  (8): 


(f/i  +  2h]i  —  1)(1  —  C|) 


2*(»h(l  -  C2)  +  (1  -  r,\)y/(C2L  +  <p)(l  +  </>)) 


=  -l. 


(14) 


where  rj\ (Cy,cp,k)  is  obtained  by  solving  Eq.  (9b).  Thus  C)  is  determined. 

Regimes  of  pure  slip,  slip-stick  and  slip-reverse  slip  are  mapped  in  Fig.  3  in  terms 
of  the  normalized  wave  speed  ratio,  C,  and  the  modulus  ratio,  <j>,  for  different  val¬ 
ues  of  the  inverse  loading  rate  parameter,  k.  When  C  is  large  (the  wave  speed  of 
the  fibre  is  much  larger  than  that  of  the  matrix),  pure  slip  is  expected.  In  the  limit 
that  cp  — >  0  there  are  only  two  regimes:  the  pure  slip  and  slip-stick  regimes,  de¬ 
pending  on  the  value  of  C.  A  finite  value  of  cp  has  to  be  exceeded  in  order  for 
the  three  different  regimes  to  be  accessible  for  a  specified  k.  As  k  increases,  the 
pure  slip  regime  and  the  slip-reverse  slip  regime  shrink  and  the  slip-stick  regime 
enlarges. 
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Fig.  3.  Regimes  of  pure  slip ,  slip-stick  and  slip-reverse  slip  mapped  in  the  space  of  the  normalized  wave 
speed  ratio  C2  and  the  modulus  ratio  (p  for  different  k,  the  specified  inverse  loading  rate. 


4.5.  The  load-displacement  relation 


The  relationship,  p(S),  between  the  pullout  load,  p,  and  the  displacement,  <5,  of  the 
fibre  end  is  determined  through 

1  /*  ffotaltO 

s  =  yJ0  (4-Od*  05) 

Normalizing  by  the  displacement,  c)s  =  p2/[ 2t(1  +  (p)lij  |  for  the  static  limit  (Appendix 
B),  one  obtains  thence  the  following  displacements  for  each  of  the  three  different 
solution  regimes: 

Pure  slip  (C  >  Cy ): 

5  ....  ,  AVT+W(2C2k-C  +  2kq>)-2k2(p-C(C-k  +  2Ck2)) 

-=2k(\  +  cp) - — — - — — ^  7= -jj. - ■  (16a) 

os  C((Ck  -  1)  -  Cvl  +  k2) 

Slip-stick  ( Cl  <  C  <  Cj/): 

6  2k(l+tp)2  rji(2+ri2(C2+(p)(l—2kt]2—ri2)+>l\>l2{^+C2—2C2kr]2~^kt]2(p)) 

ds  ( C2+<p )  f/|(l+i7if/2)(l+C2f/i) 

(16b) 


where  the  front  speeds  17 1  and  rj2  are  obtained  from  Eq.  (9). 
Slip-reverse  slip  (C  ^  €)  ): 


6_ 

Ss 


2k2{\  +  cp) 


4 

1  +r\  1 


2 

1  +f/3 


2<p(tij  +  t}\{C2r}\  +  2)  -  4)7!  173) 

(1-C2f,2)(l+C2^) 


where  the  front  speeds  171  and  t]2  are  obtained  by  solving  Eqs.  (12b)  and  (12c). 


(16c) 
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Fig.  4.  The  normalized  pullout  displacement  S/Ss,  where  <5S  is  the  corresponding  static  value,  as  a  function  of 
k  for  various  values  of  C.  The  solid  curves  are  when  the  solution  falls  in  the  pure  slip  regime  and  the  dashed 
lines  are  when  the  solution  lies  in  the  slip-stick  regime.  The  normalized  pullout  displacement  asymptotically 
reaches  1  as  k  — >  oo.  Also  shown  is  the  contour  line  that  demarcates  pure  slip  from  stick-slip. 


The  normalized  pullout  displacement,  S/Ss,  as  a  function  of  k  is  exemplified  by 
Fig.  4  for  the  parameter  value  cp  =  2.00.  When  C  ^  1,  the  map  of  Fig.  3  shows  that, 
for  any  value  of  cp,  there  are  only  two  possible  regimes:  for  small  k,  pure  slip  (solid 
lines  in  Fig.  4);  and  for  large  k,  slip-stick  regime  (dashed  lines  in  Fig.  4).  The  static 
limit,  d=5s,  is  approached  as  k  — >  oo.  For  rapid  loading  (small  k),  the  dynamic  response 
is  relatively  stiff  ( d  <  <5S);  but  for  slow  loading  (intermediate  and  large  values  of  k), 
inertial  effects  lead  to  an  increased  fibre-end  displacement  (<5  >  <5S).  When  C  <  1  (not 
shown  in  Fig.  4),  one  always  has  S  <  ds. 

Since  the  pullout  displacement  is  a  non-smooth  function  of  k  when  C  >  1,  the  tran¬ 
sition  from  pure  slip  to  slip-stick  behavior  could  possibly  be  identified  in  experimental 
load-displacement  data  for  different  loading  rates. 

The  prediction  of  fibre  end  displacements  being  enhanced  in  certain  conditions  by 
inertial  effects  is  perhaps  counterintuitive.  Inspection  of  the  solutions  shows  that  it  is 
accompanied  by  an  increase  in  the  length  of  the  process  zone  (more  particularly,  of 
the  domain  in  which  slip  occurs),  with  commensurate  decrease  in  the  stress  gradients. 
This  suggests  that,  when  the  fibre  wave  speed  is  relatively  high,  the  inertia  built  up 
in  the  fibre  enables  the  stress  disturbance  to  propagate  further  before  it  is  offset  by 
frictional  deceleration,  than  it  would  under  static  loading.  An  analogue  of  this  effect  is 
known  for  step  loading  of  a  fibre  in  a  rigid  matrix  (Nikitin  and  Tyurekhodgaev,  1990; 
Cox  et  al.,  2001). 

4.6.  Prevalence  of  inertial  effects 

For  C  <  2,  inspection  of  Fig.  4  suggests  that  the  onset  of  inertial  effects  can  be 
correlated  approximately  with  the  rise  of  the  curve  S/Ss  vs.  k  towards  d/Ss  =  1. 
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Introducing  a  threshold  value,  kt,  one  can  write  that,  as  a  rule  of  thumb,  inertial  effects 
are  strong  when  k  <  kt.  For  C  <  2 


kt  =  0.5  (C  <  2). 


(17a) 


For  C  >  2,  inertial  effects  might  be  said  to  begin  when  d/Ss  rises  to  1.25  as  k  decreases 
from  large  values;  for  this  condition,  the  asymptotic  analysis  of  Appendix  B  for  large 
k  implies 


(17b) 


(C  >  2). 


It  is  not  difficult  to  meet  these  conditions  experimentally. 

5.  Numerical  confirmation 

Numerical  calculations  based  on  finite  element  methods  (FEM)  were  carried  out  to 
assess  the  accuracy  of  the  shear  lag  approximation.  Of  particular  interest  are  (1)  the 
result  that  the  rate  of  propagation  of  the  stress  disturbance  is  generally  not  the  bar 
wave  speed,  but  some  lower  speed  that  depends  on  the  loading  rate  and  the  interfacial 
frictional  stress;  and  (2)  the  separation  of  the  deformation  into  distinct  domains,  in¬ 
cluding  stick  and  reverse  slip  domains.  Propagation  at  speeds  lower  than  the  bar  wave 
speed  has  already  been  predicted  for  the  loading  of  a  bar  in  a  rigid  matrix  (Nikitin  and 
Tyurekhodgaev,  1990).  However,  the  details  of  stress  distributions  in  such  a  retarded 
front  have  not  been  investigated  previously.  The  curious  effect  of  reverse  slip  due  to 
distributed  friction  is  newly  predicted. 

5.1.  Model  formulation 

The  shear  lag  results  were  discussed  for  an  axisymmetric  system.  However,  because 
of  the  simplified  representation  of  stress  fields  in  the  shear  lag  approximation,  the  shear 
lag  results  apply  equally  to  a  laminar,  plane  system,  with  a  trivial  redefinition  of  the 
radius  parameter,  Rf,  and  the  volume  fraction,  /,  i.e.,  Rf  =  2 h  and  /  =  h/H,  where  h 
and  H  are  the  half-thickness  of  fibre  layer  and  the  total  matrix/fibre  model,  as  indicated 
in  Fig.  5  (see  Appendix  A).  Furthermore,  when  axial  displacements  dominate,  the  field 
equations  of  the  plane  and  axisymmetric  problems  in  the  limit  in  which  thin  shell 
theory  is  valid  become  indistinguishable  (Appendix  A).  Therefore,  where  the  shear  lag 
approximation  is  proven  valid  by  simulations  for  a  plane  geometry,  it  is  consistent  to 
expect  the  validity  to  extend  to  the  axisymmetric  cases. 

Therefore,  confirmation  by  numerical  methods  is  sought  with  a  plane  stress  model, 
which  was  preferred  here  because  it  allowed  a  simpler  treatment  of  interfacial  friction 
in  the  FEM  code  being  used. 1  Since  the  system  is  symmetric  about  x  =  0,  only  the 


1  ABAQUS  (5.8)  by  Hibbit,  Karlsson  &  Sorensen,  Inc.  The  numerical  model  includes  6400  4-point  bilinear 
elements  and  200  cohesive  zone  elements.  The  problem  was  solved  using  the  direct-integration  method. 
Automatic  incrementing  was  used  and  each  increment  took  an  average  of  about  2.5  s  (CPU  time)  to  converge. 
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Fig.  5.  Schematic  of  the  FEM  model  and  the  cohesive  law  that  describes  the  interfacial  tractions  during 
sliding  in  the  numerical  simulations. 


top  half  is  modeled  with  the  normal  displacement  and  the  shear  traction  set  to  zero  on 
this  plane.  The  dimensions  h  and  H  were  chosen  to  create  a  fibre  volume  fraction  of 
0.4.  Friction  was  mimicked  by  cohesive  elements  that  link  the  matrix  and  fibre  along 
the  bi-material.  The  friction  law  employed  is 


Tf 


i  o 


frr 


(iim  iif ) 


-fr> 


(when  um  —  iif  >  c o), 

(when  —  m  ^  um  —  «f  ^  +  m ), 
(when  um  —  iif  <  —  co) 


(18) 


which  is  slightly  different  from  the  friction  law  used  in  the  shear  lag  analysis  (Eq. 
(la))  in  that  the  positive  (+To)  and  negative  friction  (—To)  regimes  are  linked  by  a 
linear  transition  regime  of  finite  slope.  This  is  necessary  to  avoid  numerical  difficulties 
associated  with  the  jump  discontinuity  in  Eq.  (la).  (The  difficulty  of  obtaining  nu¬ 
merical  solutions  is  further  motivation  for  developing  analytical  approximations.)  The 
parameter  co  is  chosen  to  be  small,  so  that  the  effect  on  the  solutions  of  not  having  a 
step  change  in  the  friction  is  negligible  in  most  cases,  with  exceptions  that  affect  only 
minor  details  of  the  solutions,  as  described  below.  In  the  region  —at  ^  um  —  Uf  ^  +co, 
the  interfacial  friction  stress  |tf|  ^  tq. 

In  the  numerical  simulations,  Poisson’s  ratio  for  both  fibre  and  matrix  are  set  to 
zero.  Under  the  assumption  of  uniform  friction,  the  role  of  Poisson’s  ratio  in  the  shear 
lag  solutions  is  reduced  to  a  scaling  factor  in  certain  elastic  constants  (Eq.  (2)  and 
Appendix  A).  Therefore,  no  generality  is  lost  by  this  assumption  in  the  numerical  work, 
beyond  that  already  lost  by  the  restriction  of  uniform  friction. 


5.2.  Character  of  the  solutions 

Pure  slip'.  Fig.  6  shows  particle  velocities  and  shear  stresses  for  a  case  that  should  lie 
in  the  pure  slip  regime,  according  to  the  shear  lag  analysis  (C2  =  10;  4  =  0.1;  <p=  1.11; 
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t  =  0.002 — see  Fig.  3).  The  velocity  contours  in  Fig.  6a  shows  a  clearly  defined  2D 
structure  in  the  fibre  and  matrix.  In  the  matrix  the  leading  contour  indicates  a  straight 
wave  front  inclined  at  an  angle  to  the  interface.  The  contours  of  higher  magnitude 
(0.06-0.18  m/s)  appear  to  fonn  a  second  straight  front  inclined  at  a  smaller  angle. 
This  second  front  is  characterized  by  high  contour  gradients  that  indicate  a  strong 
shock  front.  Far  behind  this  zone  the  matrix  velocity  is  fairly  uniform,  both  in  the 
thickness  direction  and  in  the  axial  direction.  The  velocity  contours  in  the  fibre  are 
relatively  uniform  across  the  thickness  although  slightly  inclined  near  the  interface. 
Away  from  the  wave  front,  the  magnitude  of  the  fibre  velocity  increases  linearly  as 
the  distance  to  the  wave  front  increases  (not  shown  in  Fig.  6a). 

The  angled  front  structures  in  the  matrix  are  also  evident  in  the  shear  stresses  (Fig. 
6b).  The  shear  stress  near  the  interface  region  remains  100  MPa,  which  is  the  specified 
interface  friction  strength,  to-  Contours  of  lower  shear  stress  (1-30  MPa)  fonn  the  first 
wave  front;  larger  shear  stress  contours  (45-100  MPa)  form  the  second  front  in  a 
highly  concentrated  in  a  narrow  band.  In  the  matrix  far  behind  the  wave  fronts,  the 
shear  stress  does  not  reach  a  constant  value  independent  of  the  vertical  position  x. 
Instead,  it  oscillates  in  the  x-direction  owing  to  reflection  by  the  matrix  boundary.  The 
related  transverse  motion  is  neglected  in  the  shear  lag  analysis. 

The  above  observations  are  consistent  with  the  literature  on  wave  propagation  near 
interfaces.  While  stress  waves  within  the  body  of  the  fibre  or  the  matrix  do  travel 
at  characteristic  wave  speeds  determined  by  the  material  properties,  the  velocity  of 
propagation  of  the  active  frictional  zone  along  the  interface  (also  referred  to  as  the  trace 
velocity,  ctr  (Eringen  and  Suhubi,  1975)),  is  not  necessarily  limited  to  the  characteristic 
wave  speeds.  Instead,  the  trace  velocity  is  related  to  the  longitudinal  and  shear  wave 
speeds  in  the  fibre/or  matrix  by  the  inclination  angles  of  the  wave  fronts.  In  the  case 
analyzed,  the  longitudinal  wave  speed  of  the  fibre  is  much  faster  than  that  of  the  matrix 
(cf/cm  =  C  =  v^lO).  Therefore  the  trace  velocity  is  much  faster  than  the  longitudinal 
wave  speed  of  matrix,  yet  slightly  slower  than  the  longitudinal  wave  speed  of  the  fibre: 
the  friction  zone  front  moves  supersonically  with  respect  to  the  matrix  but  subsonically 
with  respect  to  the  fibre.  Two  shock  fronts,  one  associated  with  the  longitudinal  wave 
and  the  other  associated  with  the  shear  wave,  must  exist  in  the  matrix  (Eringen  and 
Suhubi,  1975).  The  inclination  angles  of  the  shock  fronts  are 

c  1 

sin  fa  =  —  =  — —  (longitudinal),  (19a) 

Ctr  CY/tr 

cm  /y/2  1  /y/2 

sin  [)s  =  — - =  — — -  (shear),  (19b) 

Ctr  Ctj 

where  r\ir  =  ctr/cf.  For  the  matrix,  the  external  loading  comes  from  interfacial  shear 
stress  caused  by  the  friction.  Therefore  the  shear  shock  front  should  be  the  stronger 
and  the  longitudinal  shock  front  the  weaker.  This  is  confirmed  in  Fig.  6. 2  Furthermore, 


2  The  numerical  scheme  used  in  this  study  cannot  represent  the  abrupt  jump  associated  with  a  shock,  but 
the  high  gradients  near  the  front  of  velocity  profile  are  indicative  of  a  shock-like  field. 


N.  Sridhar  et  all  J.  Mech.  Phys.  Solids  51  (2003)  1215-1241 


1231 


the  calculated  angles  of  inclination,  20°  and  14°,  imply  via  Eq.  (20)  that  i] tr  =  0.92. 
This  is  very  close  to  the  shear  lag  prediction,  as  will  be  discussed  below. 

Recent  experimental  observations  seem  to  support  the  notion  that  the  trace  velocity 
is  a  function  of  the  loading  rate  and  the  level  of  the  interface  friction  stress  (Rosakis 
and  Owen,  2003 ).  The  shear  crack  propagation  velocity  along  bimaterial  interfaces  also 
is  a  strong  function  of  the  loading  rate  (impact  rate)  (Needleman  and  Rosakis,  1999). 
The  problem  studied  here  can  be  interpreted  alternatively  as  a  dynamic  shear  cracking 
problem  with  zero  fracture  energy  but  a  persistent  wake  frictional  stress.  Thus  when  the 
fibre  radius  decreases,  the  nominal  wave  speed  within  the  fibre  becomes  increasingly 
dominated  by  the  interfacial  trace  velocity  and  hence  dependent  on  the  loading  rate 
and  interfacial  friction  stress  level. 

Slip-s tick:  Fig.  7  shows  the  particle  velocity  and  shear  stress  for  parameters  in 
which  shear  lag  predicts  behavior  in  the  slip-stick  regime  (C2  =  0.1;  k  =  0.1;  (p  =  0.44; 
t  =  0.002 — see  Fig.  3).  In  Fig.  7a,  a  wave  front  of  high  contour  gradients  may  be 
seen  in  the  fibre,  preceded  by  a  long  zone  of  low  gradient  (diverging  contours).  This 
unusual  characteristic  is  associated  with  two  distinct  friction  zones  manifested  by  the 
shear  stress  contours  (Fig.  7b).  The  first  friction  zone,  in  which  the  friction  stress  takes 
the  limit  value,  to  =  100  MPa,  is  associated  with  slip  between  the  matrix  and  fibre 
(Fig.  7a).  The  second  zone,  dominated  by  negative  interfacial  friction  stresses  of  mag¬ 
nitude  less  than  To,  is  a  stick  zone  (particle  velocity  continuous  across  the  interface — 
Fig.  7a). 3  The  negative  sign  of  the  interfacial  friction  clearly  demonstrates  that  in  this 
zone,  the  fibre  is  loaded  by  the  matrix,  despite  the  fact  that  it  is  the  fibre  end  that  is 
dynamically  loaded. 

No  shock  fronts  are  evident  in  the  fibre  in  either  Fig.  7a  or  b,  although  the  front 
of  the  stick  zone  travels  supersonically  with  respect  to  the  fibre.  This  is  probably  due 
to  the  fact  that  the  magnitude  of  the  frictional  stress  decreases  exponentially  along  the 
axial  direction  in  the  stick  zone,  which  is  again  a  consequence  of  the  finite  slope  of 
the  friction  law  used  for  the  FEM  simulations,  Eq.  (19).  The  shear  lag  model  predicts 
a  constant  frictional  stress  of  a  magnitude  smaller  than  to  in  this  region  (68  MPa  in 
this  particular  case).  Increasing  the  slope  of  the  friction  law  would  improve  agreement 
with  the  shear  lag  result,  but  the  computational  cost  increases  exponentially. 

Slip-reverse  slip :  The  normalized  parameters  used  for  this  case  study  are  C2  =0.025; 
A' =  0.1;  tp  =  1.5;  r  =  0.002.  The  velocity  and  shear  stress  contour  plots  for  the  numerical 
simulation  are  not  shown  here  because  they  are  not  too  much  different  from  Fig.  7a 
and  b.  Because  of  the  nature  of  the  friction  law  used  in  the  simulations  (Eq.  (18)),  the 
shear  stress  at  the  interface  is  non-uniform  in  the  stick  zone  in  the  slip-stick  regime  and 
therefore  there  can  be  no  sudden  transition  to  slip-reverse  slip,  as  there  is  in  the  shear 
lag  results.  Numerical  solutions  in  the  anticipated  slip-reverse  slip  regime  therefore 
show  a  continued  presence  of  the  stick  zone  and  gross  features  that  are  quite  similar 
to  solutions  in  the  slip-stick  regime.  However,  a  reverse-slip  zone,  characterized  by  a 
uniform  negative  interfacial  friction  stress  of  —to  (—100  MPa),  does  exist  within  the 


3  In  the  FEM  results,  “stick”  is  defined  by  the  relative  velocity  between  the  fibre  and  the  matrix  being 
smaller  than  co  (Eq.  (19). 
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stick  zone.  This  confirms  the  shear  lag  prediction  as  well  as  might  be  expected  given 
the  model  formulation. 

5.3.  Confirmation  of  shear  lag  predictions 

Despite  the  very  complex  2D  wave  propagation  characteristics  in  Figs.  6  and  7,  the 
simple  shear  lag  analysis  does  an  excellent  job  of  capturing  the  basic  characteristics 
in  an  average  sense.  To  demonstrate  this,  consider  averages  over  the  spatial  variable, 
x,  of  the  stress  or  particle  velocity  fields  that  are  calculated  in  the  FEM  simulations. 
Fig.  8a  compares  such  averages  of  the  longitudinal  particle  velocity  with  the  corre¬ 
sponding  shear  lag  predictions,  as  functions  of  axial  position  at  two  different  times, 
for  the  same  case  as  Fig.  6.  The  general  features  of  the  pure-slip  solution  of  the  shear 
lag  model  are  confirmed  by  the  FEM  results.  The  shear  lag  model  also  predicts  quite 
accurately  both  the  front  location  and  the  slope  of  the  velocity  profiles  in  the  fibre. 4 
It  also  predicts  the  form  of  the  velocity  variation  in  the  matrix,  including  the  locations 
of  the  domain  boundaries,  171  and  /j2:  predicted  values  are  //]  =  0.32  and  f/2  =  0.91 
by  shear  lag;  and  f/i  =  0.32  and  ;/2  =  0.93  by  FEM.  Flowever,  shear  lag  overestimates 
the  magnitude  of  matrix  velocity  (inset  of  Fig.  8a).  This  is  not  surprising  because  in 
the  shear  lag  model  all  the  energy  transmitted  into  the  matrix  is  assumed  to  propagate 
only  in  the  longitudinal  direction,  while  in  the  FEM  model  part  of  the  energy  goes  into 
the  transverse  direction  as  well.  This  error  should  decline  as  the  fibre  volume  fraction 
rises. 

Fig.  8b  shows  similar  comparisons  for  the  case  of  behavior  in  the  slip-stick  regime 
(the  case  of  Fig.  7).  The  shear  lag  results  agree  well  with  the  FEM  results  within 
the  slip  zone  except  that  the  velocity  magnitude  in  the  matrix  is  again  over-predicted. 
Flowever,  owing  to  the  finite  slope  of  the  cohesive  law  used  in  the  FEM  calculations, 
the  numerical  velocity  profiles  in  the  stick  zone  are  different  from  the  shear  lag  predic¬ 
tion.  As  mentioned  above,  the  finite  slope  leads  to  an  exponentially  decaying  velocity 
profile  in  the  stick  zone,  while  shear  lag  predicts  a  piecewise  linear  profile.  The  cal¬ 
culated  speeds  of  the  domain  boundaries  are  =0.82  and  t/2  =  1-63  by  shear  lag;  and 

=0.90  and  /y2  =2.23  by  FEM.  In  the  slip-reverse  slip  regime,  the  calculated  speeds 
of  the  domain  boundaries  are  r]\  =  0.68  and  t/3  =  1.30  by  shear  lag;  and  )/i  =  0.77  and 
i'll  =  1.47  by  FEM;  agreement  is  again  reasonable. 

5.4.  Range  of  validity  of  the  shear  lag  approximation 

The  question  of  when  the  shear  lag  approximation  is  accurate  can  be  addressed  in 
a  practical  way  by  looking  at  the  predicted  fibre  end  velocity,  t/f(0,  T),  as  a  function 
of  the  applied  stress,  fff(0,  T)/E{.  (For  linear  loading,  the  applied  stress  may  also  be 
regarded  as  a  measure  of  time.)  The  results  predicted  by  FEM  and  shear  lag  are  plotted 
in  Fig.  9a  for  the  same  case  studies  of  Figs.  6  and  7  (pure  slip  and  slip-stick).  Evidently 


4  The  small  deviation  from  linearity  in  the  FEM  results  near  wave  fronts  (inset  of  Fig.  8a)  is  caused  by 
the  finite  slope  used  in  the  cohesive  law,  which  leads  to  an  exponentially  decaying  velocity  profile  instead 
of  a  linear  one. 
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Fig.  8.  Spatial  variation  of  the  particle  velocity  when  (a)  C2  —  10  and  (p  =  1.11  and  (b)  when  C2  =  0.1 
and  (p  =  0.44.  This  variation  is  shown  for  both  the  fibre  (dashed  lines)  and  the  matrix  (solid  lines).  Also 
comparison  between  FEM  (thick  lines)  and  shear  lag  (thin  lines)  are  shown  for  two  different  times. 
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Fig.  9.  The  variation  of  the  fibre  end  point  velocity,  —Uf(0,T),  as  a  function  of  the  (a)  applied  boundary 
stress,  0f(O,  T)/Ef  and  (b)  the  process  zone  length,  L  =  l2(t)/Rf,  for  results  obtained  with  shear  lag  (SL)  and 
FEM.  The  variation  is  shown  for  two  different  sets  of  parameters,  representative  of  pure  slip  and  stick-slip 
conditions. 
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shear  lag  does  an  excellent  job  in  both  cases:  for  example,  the  slopes  predicted  by 
shear  lag  is  r] 2  =  0.91  for  the  pure  slip  case  and  (ij\  +  t]2  —  2  la] 1 ;/2 )/( 1  +  1711/2)  = 
0.93  for  the  slip-stick  case.  The  slip-stick  velocity  is  always  slightly  higher  than  the 
corresponding  pure  slip  velocity  under  the  same  inverse  loading  rate,  k,  and  interface 
frictional  strength,  r,  due  to  the  contribution  of  the  stick  zone.  For  predicting  the  load 
displacement  history,  shear  lag  appears  to  be  useful  from  the  onset  of  linear  loading, 
regardless  of  whether  the  length  of  the  process  zone  has  exceeded  the  fibre  radius. 

If  the  length  of  the  process  zone  is  of  interest,  then  conditions  for  the  accuracy 
shear  lag  may  be  more  restrictive.  The  shear  lag  and  FEM  predictions  of  the  end 
displacement  vs.  the  process  zone  length,  L=  l2/R{  =  rfcT,  are  shown  in  Fig.  9b  for  the 
same  case  studies  of  Figs.  6  and  7  (pure  slip  and  slip-stick).  For  the  pure  slip  case, 
shear  lag  predicts  a  linear  relationship  between  U  f  and  L,  with  slope  —r/2k.  The  FEM 
results  show  that  a  constant  slope  that  is  almost  identical  to  the  shear  lag  prediction  is 
established  when  L  exceeds  about  3.  For  the  slip-stick  case,  shear  lag  again  predicts  a 
linear  relation  between  t/f(0,  T)  and  L,  with  slope  x(r]i  +>72  2kr]\r\2)l{2kr\2(\  +  // 1  r/2 ) )■ 

The  FEM  analysis  predicts  that  a  linear  relationship  is  established  when  L  is  larger  than 
4.  However,  due  to  the  finite  slope  in  the  friction  law,  FEM  predicts  a  more  extensive 
stick  zone  (see  above)  and  therefore  a  larger  value  of  r]2  (2.23)  than  that  obtained  with 
shear  lag  (1.63).  From  the  pure  slip  case,  where  the  effects  of  the  friction  law  in  the 
FEM  simulations  are  minor,  one  infers  that  shear  lag  predicts  the  process  zone  length 
fairly  accurately  provided  that  it  is  greater  than  about  3-4  times  the  fibre  radius. 


6.  Discussion 

6.1.  Nature  of  interfacial  friction 

The  correct  characterization  of  frictional  sliding  of  a  fibre  embedded  in  a  matrix  re¬ 
mains  an  open  issue.  Several  theoretical  studies  have  examined  the  dynamics  of  sliding 
of  two  surfaces  when  the  interfacial  response  is  moderated  by  different  friction  behav¬ 
ior.  Kosterin  and  Kragel’skii  (1960)  analyzed  the  stability  of  a  one-degree-of-freedom 
elastic  system  and  concluded  that  steady  sliding  is  unstable  when  the  rate  of  change  of 
the  friction  stress  with  respect  to  velocity  is  negative.  Rice  and  Ruina  (1983)  inves¬ 
tigated  steady  frictional  sliding  when  the  interfacial  shear  stress  has  a  fading  memory 
of  the  velocity  history  and  found  under  certain  conditions  instabilities  in  sliding  oc¬ 
cur.  Adams  (1995,  1998)  investigated  sliding  of  two  different  elastic  half-spaces,  and 
showed  that  this  configuration  is  dynamically  unstable  due  to  the  destabilization  of  the 
frictional  slip  waves.  He  also  demonstrated  that  the  stick-slip  motion  due  to  interfacial 
slip  waves  allows  the  bodies  to  slide  with  an  apparent  coefficient  of  friction,  which 
is  less  than  the  specified  interfacial  coefficient  of  friction.  For  the  simple  friction  law 
used  in  this  study,  a  conclusion  similar  to  that  of  Adams  (1995,  1998)  is  reached  in 
that  stick-slip  behavior  can  occur  even  under  monotonic  loading  conditions.  Further, 
the  shear  lag  analysis  points  out  that  for  a  range  of  material  and  loading  parameters, 
slip-reverse  slip  zones  can  also  be  established  for  a  nominally  tensile  applied  load  on 
the  fibre  end. 
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6.2.  More  general  loading  histories 

Inspection  of  the  solutions  to  the  wave  equations  shows  that,  as  long  as  the  loading 
history  is  piecewise  linear,  but  not  necessarily  continuous,  satisfaction  of  displacement 
continuity  at  the  boundaries  of  domains  that  might  arise  is  possible  only  if  the  dis¬ 
placements  are  quadratic  functions  of  position  and  time.  Thus  if  any  loading  history 
is  represented  by  a  piecewise  linear  approximation,  some  configuration  of  quadratic 
domains  should  exist  as  the  solution.  However,  consideration  of  even  quite  simple 
loading  functions,  such  as  a  bilinear  function  or  a  step  function,  shows  that  the  do¬ 
main  pattern  can  become  quite  complicated,  with  domains  of  slip,  stick,  and  reverse 
slip  appearing  and  disappearing.  Systematic  prediction  of  the  time  evolution  of  the 
domains  is  challenging.  Furthermore,  since  the  domain  patterns  found  in  some  simple 
trial  cases  appear  to  fragment  as  time  passes  (unlike  the  linear-loading  case  presented 
here,  where  they  remain  fixed  in  time),  the  suspicion  arises  that  the  response  may  be 
chaotic — small  changes  in  the  loading  history  may  lead  to  unpredictable,  large  changes 
in  the  domain  pattern  at  future  times. 


6.3.  Relation  to  crack  bridging  by  fibres 


In  static  loading,  the  problems  of  fibre  pullout  (or  push-in)  and  the  bridging  of 
a  mode  I  matrix  crack  by  fibres  coupled  to  the  matrix  by  friction  are  very  closely 
related  algebraically.  Apart  from  a  factor  that  distinguishes  the  fibre  end  displacement 
in  the  fibre  pullout  problem  from  the  crack  opening  displacement  in  the  crack  bridging 
problem,  which  arises  from  energy  considerations,  the  constitutive  laws  in  the  two 
cases  are  identical  for  similar  physical  models  (Marshall  et  al.,  1985;  McCartney,  1989; 
Hutchinson  and  Jensen,  1990).  In  dynamic  loading,  in  contrast,  the  two  problems  work 
out  quite  differently.  The  crack  bridging  problem  is  defined  by  a  loading  condition 
applied  to  the  end  of  the  process  zone  by  the  moving  composite,  with  that  composite 
motion  determined  by  the  far-field  conditions  of  the  propagating  crack  (Cox  et  al., 
2001).  The  pullout  problem  is  defined  by  a  stress  (or  displacement)  condition  on  the 
fibre  end.  In  static  loading,  this  leads  to  the  same  solutions.  In  dynamic  loading,  the 
evolution  of  wave  motion  is  not  the  same.  In  particular,  for  linear  loading  in  time,  the 
solution  to  the  bridged  crack  problem  exhibits  no  stick  or  reverse  slip  domains  (Cox 
et  al.,  2001).  Furthermore,  different  conditions  for  the  onset  of  strong  inertial  effects 
arise.  The  conditions  obtained  in  (Cox  et  al.,  2001)  (Eqs.  (16)  and  (18)  in  that  work), 
amount  to  the  following  in  the  current  notation: 

C 

kt=2—  (larger/?),  (20a) 


,  o  C 

kt=2—r 

r 


(small  (p ). 


(20b) 


which  have  little  similarity  to  Eq.  (17). 
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1.  Conclusions 

The  fibre  pullout  problem  is  examined  when  the  inertia  of  the  fibre  and  the  matrix  are 
taken  into  account.  Frictional  sliding  between  the  fibre  and  the  matrix  is  described  by 
a  constant  interfacial  friction  stress,  the  sign  of  which  depends  on  the  relative  particle 
velocity  of  the  fibre  and  the  matrix.  Analytical  solutions  are  derived  when  the  pullout 
load  increases  linearly  in  time. 

Three  regimes  of  behavior  are  distinguished,  corresponding  to  different  parameter 
values,  in  which  the  relative  motions  of  the  fibres  and  the  matrix  differ  in  two  or  three 
domains.  The  parameters  include  the  ratio  of  the  fibre  and  matrix  wave  speeds,  the  fibre 
and  matrix  moduli,  and  the  loading  rate.  A  map  of  the  regimes  has  been  determined 
analytically. 

Numerical  results  encourage  the  use  of  the  shear  lag  approximation  in  dynamic 
pullout  problems,  where  quantities  that  have  been  averaged  in  the  direction  normal  to 
the  fibre  axis  are  of  interest.  The  shear  lag  approximation  appears  to  be  at  least  as 
viable  for  dynamic  problems  as  it  has  proven  for  static  problems.  Good  agreement  in 
the  load-displacement  relation,  for  example,  is  found  from  the  onset  of  linear  loading. 
Agreement  in  the  predicted  length  of  the  process  zone  is  obtained  as  long  as  the 
process  zone  length  is  2-4  times  the  fibre  radius.  Since  the  evolution  of  domains  of 
slip,  stick,  and  reverse  slip  can  become  very  complicated  for  general  loading  histories, 
an  analytical  approach  could  be  particularly  valuable. 

Because  of  the  simple  treatment  of  friction  and  Poisson’s  effect,  all  results  here  are 
equally  applicable  to  fibre  push-in,  with  appropriate  changes  of  signs. 
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Appendix  A.  Elastodynamic  equations 

A.l.  Axisymmetric  problem 


The  elastodynamic  equation  that  the  fibre  satisfies  is  (Graff,  1991): 

dNf  pt  02Wf  2tf 

6z  E{  dt2  Rf  ’ 


(A!) 


where 

Rf 

TVf  =  Of  r  dr 


(1  +  ps )( 1  -  2p{)  \  <jz  Rj 


Ef(l  -  pt)  / duf  |  2 /if 


l 


(A.2) 
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and  where  Wf,  and  Wf,  are  the  fibre  displacements  in  the  longitudinal,  and  radial  di¬ 
rections;  Rf  is  the  fibre  radius  and  the  areal  fraction  of  the  fibre  cross  sectional  area; 
tf  is  the  interfacial  friction  stress;  and  Ef,  /if  ,  and  pf  are  Young’s  modulus,  Poisson’s 
ratio,  and  the  density  of  the  fibre,  respectively.  In  problems  in  which  the  fibre  slides 
relative  to  the  matrix,  the  coupling  between  the  radial  displacement  and  the  longitudi¬ 
nal  displacement  is  weak,  because  the  radial  displacement,  Wf,  will  be  much  smaller 
than  the  axial  displacement,  «f,  over  the  zone  of  sliding.  In  the  limit  Wf/uf  — >  0,  Eq. 
(A.l)  simplifies  to  Eq.  (2a).  The  radial  and  axial  displacements  can  also  be  decoupled 
by  assuming  Poisson’s  ratio  is  zero,  but  this  condition  is  unnecessary  when  Wf/uf  is 
small.  The  limit  that  Wf/uf  is  small  is  included  in  this  paper  as  one  of  the  defining 
assumptions  of  the  shear  lag  approximation.  Similar  assumptions  for  the  matrix,  i.e., 
\vmjum  small,  result  in  Eq.  (2b). 


A.2.  Plane  problem 


The  shear  lag  model  for  the  plane  or  plate  configuration  is 

02«f  0Wf  Pf  d2Um  Tf 

0z2  +^f0_y  Ef  St2  hEf 


(A.4a) 


0Vn  8wm  _  Pf  82Mm  /  If 

0Z2  ^  dy  Em  0t2  (1  -  f)  hEj 


(A.4b) 


where  /  =  h/H,  h  and  II  are  the  half-thickness  of  fibre  layer  and  the  total  matrix/fibre 
model,  as  indicated  in  Fig.  7,  and  where  Uf  and  h/,  are  the  displacements  in  the  z  and  x 
directions  respectively;  E=E/(l—p2)  for  plane  stress  and  E=E(  1— /i)/((l+p)(l— 2/r)) 
for  plane  strain.  In  the  limit  w/u  — >  0,  Eq.  (A. 4)  simplifies  to  Eq.  (2b)  with  a  trivial 
redefinition  of  the  radius  parameter,  Rf  =  2h. 

Thus  the  shear  lag  models  for  axisymmetric  and  plane  problems  are  both  represented 
by  Eq.  (2). 


Appendix  B.  Static  limit 


The  manner  in  which  the  dynamic  solutions  approach  the  static  limit  is  interesting. 
In  the  limit,  k  =  %oCft0/((T0Rf )  — >  oo,  corresponding  to  very  slow  loading,  the  solution 
to  the  dynamic  problem  always  lies  in  the  slip-stick  regime.  Retaining  the  leading  order 
term  when  k  — »  oo  yields  front  speeds  of 


<1\ 


1 

2k{\  +  (/>) 


(1  -C2)cp 


4k2(l  +  <p)V(l  +  <p)(C2  +  (p) 


0 


(B.la) 


1  +  <p 

C2  +  cp 


m  = 


(B.lb) 
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and  the  displacement  fields  are 


T 


Uf(Z,T)={ 


x  ip 


(1  +  <P) 


P_z  _  J P_  Tip  I  l+<p\ 

Ef  Ef  2(1  +  (p)\j  C2  +  (p  J 

f  Z2  lc2  +  (p  ZT  T2  I  1  +  cp 
1  4k  y  1  +  q>  +  2k  4k  \j  C2  +  (p 


(0  ^Z^mT), 


(JI\T  <  z  <  I2T), 


(B.2a) 


Um(Z,T)={ 


T(p 


(i  +  (p) 


P  T  I  1  +  <p  \ 

Ef  2(1  +  (p)\J  C2  +  ip) 

(  Z2  lc2  +  (p  ZT  T2  j  1  4- ip 
1  4k  y  1  +  (p  2k  4k  y  C2  +  cp 


(0  ^Z^mT), 


(til T  <  Z  ^  rj2T). 


(B.2b) 


where  p(t)  =  not/ to  is  the  boundary  load.  The  friction  stress  within  the  slip  zone  is 
tf  =  to  and  the  friction  stress  within  the  stick  zone  for  large  k  is 


.  _  .  (C2~l)cp 

Tf  —  T  —  Tq  . - . 

2k{  \  +  (pfl2sJC2  +  (p 


(B.3) 


where  the  friction  stress  always  satisfies  |xf |  <  |to|  and  the  boundary  load  p(t)  =  a0t/t0. 

For  0  ^  Z  ^  t]\T,  the  first  two  terms  in  (B.2a)  and  the  first  term  in  (B.2b)  can  be 
recognized  as  the  displacements  for  the  static  case  (e.g.,  appendix  of  Adams,  1995), 
for  loading  to  the  boundary  load  p{t )  =  Got/to.  As  the  static  limit  is  approached, 
the  stick  zone  (r]\T  <  Z  ^  O2T)  remains  non-zero  in  length,  but  the  stress  gradient 
along  it  becomes  vanishingly  small.  The  front  in  the  static  limit  can  be  identified  with 
the  limiting  position  of  the  boundary  between  the  slip  and  stick  domains  in  the  dy¬ 
namic  case,  i/iCft.  The  pullout  displacement  <5  of  the  fibre  end,  to  leading  order  in  k, 
is 


<5  _  1  (1  ~C2)<p  I  l  +  cp 

Ss  2k  (1  +  cp)2  y  C2  +  ip 


where  <5S  =  p1(t)!(4xoE[(  1  +  ip))  is  its  value  in  the  static  limit 


(B.4) 


Appendix  C.  Rigid  matrix  limit 

In  the  limit  of  fibre  pullout  from  a  rigid  matrix  (C  — »  0  and  ip  — >  0),  the  solution 
is  in  the  stick-slip  regime.  The  friction  stress  is  identically  zero  within  the  stick  zone 
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and  thus 


to  (OsSZ^T1), 


-Cf  = 


o  (fjtr  ^  z  >72 


(C.l) 


The  front  speeds  and  the  end-point  displacement  in  this  limit  are 


tji  =  \J  1  +  k2  -  k. 


(C.2a) 


(C.2b) 


C 

-=2  k(Vu^-k). 


(C.2c) 


These  results  are  consistent  with  those  presented  in  Refs.  (Cox  et  ah,  2001;  Eringen 
and  Suhubi,  1975). 


References 

Adams,  G.G.,  1995.  Self-excited  oscillations  of  tow  elastic  half-spaces  sliding  with  a  constant  coefficient  of 
friction.  J.  Appl.  Mech.  62,  867-872. 

Adams,  G.G.,  1998.  Steady  sliding  of  two  elastic  half-spaces  with  friction  reduction  due  to  interface  stick-slip. 
J.  Appl.  Mech.  65,  470-475. 

Cox,  B.N.,  Sridhar,  N.,  Beyerlein,  I.J.,  2001.  Inertial  effects  in  the  pullout  mechanism  during  dynamic  loading 
of  a  bridged  crack.  Acta  Mater.  49,  3863-3877. 

Eringen,  A.C.,  Suhubi,  E.S.,  1975.  Elastodynamics — II.  Linear  theory.  Academic  Press,  New  Year. 

Graff,  K.F.,  1991.  Wave  Motion  in  Elastic  Solids.  Dover,  New  York. 

Freund,  L.B.,  1992.  The  axial  force  needed  to  slide  a  circular  fiber  along  a  hole  in  an  elastic  material  and 
implications  for  fiber  pull-out.  Eur.  J.  Mech.  A/Solids  11,  1-19. 

Hutchinson,  J.W.,  Jensen,  H.M.,  1990.  Models  of  fiber  debonding  and  pullout  in  brittle  composites  with 
friction.  Mech.  Mater.  9,  139-163. 

Kosterin,  Iu.I.,  Kragel’skii,  I.V.,  1960.  Relaxation  oscillations  in  elastic  friction  systems.  In:  Krushchov,  M. 
(Ed.),  Friction  and  Wear  in  Machinery.  ASME,  New  York,  pp.  111-134. 

Marshall,  D.B.,  Cox,  B.N.,  Evans,  A.G.,  1985.  The  mechanics  of  matrix  cracking  in  brittle-matrix  fiber 
composites.  Acta  Metall.  33,  2013-2021. 

McCartney,  L.N.,  1989.  New  theoretical  model  of  stress  transfer  between  fibre  and  matrix  in  a  uniaxially 
fibre-reinforced  composite.  Proc.  Roy.  Soc.  London  A  425,  215. 

Naim,  J.,  1997.  On  the  use  of  shear-lag  methods  for  analysis  of  stress  transfer  in  unidirectional  composites. 
Mech.  Mater.  26,  63-80. 

Needleman,  A.,  Rosakis,  A.J.,  1999.  The  effect  of  bond  strength  and  loading  rate  on  the  conditions  governing 
the  attainment  of  intersonic  crack  growth  along  interfaces.  J.  Mech.  Phys.  Solids  47,  2411-2449. 

Nikitin,  L.V.,  Tyurekhodgaev,  A.N.,  1990.  Wave  propagation  and  vibration  of  elastic  rods  with  interfacial 
frictional  slip.  Wave  Motion  12,  513—526. 

Parthasarathy,  T.A.,  Marshall,  D.B.,  Kerans,  R.J.,  1994.  Analysis  of  the  effect  of  interfacial  roughness  and 
sliding  in  brittle  matrix  composites.  Acta  Metall.  Mater.  42,  3773-3784. 

Rice,  J.R.,  Ruina,  A.L.,  1983.  Stability  of  steady  frictional  sliding.  J.  Appl.  Mech.  50,  343-349. 

Rosakis,  A.J.,  Owen,  D.,  2003.  Manuscript  in  preparation. 

Sridhar,  N.,  Cox,  B.N.,  Dunn,  C.L.,  Beyerlein,  I.J.,  2001.  Mechanics  of  crack  bridging  under  dynamic  loads. 
MRS  Fall  Meeting  Proceedings,  Boston,  Vol.  653,  p.  Z2.5.1. 


PP  00-57 


Rockwell 

Science  Center 


INERTIAL  EFFECTS  IN  THE  PULLOUT 
MECHANISM  DURING  DYNAMIC  LOADING  OF  A 
BRIDGED  CRACK 


B.  N.  Cox1 
N.  Sridhar1 

and 

I.  J.  Beyerlein2 


Rockwell  Science  Center 
1049  Camino  Dos  Rios 
Thousand  Oaks,  CA  91 360 
U.S.A. 

2Los  Alamos  National  Laboratory 
Los  Alamos,  New  Mexico 
U.S.A. 


Submitted  to  Acta  Materialia,  February,  2001 ; 
Published  in  v.49,  pp.3863-3877  (2001) 


INERTIAL  EFFECTS  IN  PULLOUT 


ABSTRACT 

Inertial  effects  in  the  mechanism  of  fibre  pullout  during  the  dynamic  propagation  of  a 
bridged  crack  are  examined  by  reposing  simple  shear  lag  models  of  pullout  as  problems 
of  dynamic  wave  propagation.  The  only  coupling  considered  between  the  fibres  and  the 
matrix  is  uniform,  rate  independent  friction  -  no  debond  energy  is  included.  Analytical 
solutions  are  found  for  the  coupled  waves  propagating  in  the  fibres  and  the  matrix  away 
from  the  fracture  plane  of  the  bridged  crack  as  the  bridging  tractions  increase  with  time. 
These  solutions  yield  the  time-dependent  relationship  between  the  crack  opening 
displacement  and  the  bridging  traction.  Engineering  criteria  for  inertial  effects  being 
significant  are  deduced  by  comparing  the  dynamic  bridging  traction  law  with  its 
counterpart  for  static  loading,  which  is  recovered  as  a  limit  of  the  dynamic  case.  The 
criteria  are  evaluated  for  two  crack  cases:  the  asymptotic  limit  of  a  long,  fully  bridged 
matrix  crack  propagating  unstably  through  a  fibrous  composite  under  remote  tension;  and 
and  a  finite  crack  partially  bridged  by  stitches  or  rods  that  delaminates  a  double  cantilever 
beam  under  the  impetus  of  a  flying  wedge.  In  both  cases,  the  rate  of  increase  of  the  crack 
opening  displacement  appears  to  be  sufficient  for  inertial  effects  to  be  pronounced  in  the 
bridging  (pullout)  mechanism.  Expected  trends  of  the  significance  of  inertial  effects  with 
material  and  geometrical  parameters  are  identified. 


RSCbnc/sn  11:56  AM  01/14/03 


1 


INERTIAL  EFFECTS  IN  PULLOUT 


1.  Introduction 

The  pullout  mechanism  is  the  fundamental  source  of  toughening  and  fracture  resistance 
in  many  composites.  In  brittle  matrix  composites,  reinforcing  fibres  that  are  weakly 
bonded  to  the  matrix  can  survive  the  passage  of  matrix  cracks,  across  which  they  then 
provide  bridging  tractions  that  shield  the  crack  tip  from  the  applied  load.  The  main 
mechanism  of  load  transfer  from  the  fibres  to  the  matrix  is  interfacial  friction.  In 
polymeric  laminates  reinforced  through  the  thickness  by  stitches  or  rods,  analogous 
pullout  phenomena  are  observed,  but  on  the  scale  of  fibre  tows,  which  may  be  1  mm  in 
diameter,  rather  than  on  the  scale  of  individual  fibres  (10  -  100  (im).  Scale 
considerations  aside,  the  mechanics  of  pullout  are  very  similar  in  the  two  cases.  Other 
systems  in  which  bridging  entities  are  coupled  to  a  matrix  by  friction  include  so-called 
self-reinforced  polycrystalline  ceramics,  in  which  elongated  grains  bridge  cracks;  and 
ceramic  layered  systems,  in  which  fractured  layers  slide  past  one  another  during  failure. 

For  mode  I  cracks,  which  will  be  the  topic  of  this  paper,  the  shielding  effect  created  by 
the  pullout  phenomenon  can  be  summarised  by  a  bridging  traction  law  that  relates  the 
stress  in  the  bridging  entities  at  the  fracture  plane,  T,  to  the  crack  opening  displacement, 
2m.  To  a  very  good  approximation  in  many  cases,  the  tractions  in  the  bridging  entities 
can  be  replaced  by  an  equivalent  continuous  traction,  p,  that  is  to  be  applied  to  the  entire 
bridged  interval  of  the  fracture  surfaces  (e.g.,  Cox  and  Marshall,  1994).  Predicting  the 
traction  law,  p(u),  becomes  one  of  the  central  problems  of  crack  bridging  theory. 

The  mechanics  of  pullout  and  the  resulting  traction  law  have  been  much  studied  and  are 
well  understood  for  static  loading.  Simple  analytical  forms  are  available  for  p(u)  when 
the  frictional  coupling  of  the  reinforcement  to  the  matrix  is  uniform  and  slip  extends  over 
distances  that  are  large  compared  to  the  reinforcement  diameter  (Marshall,  Cox,  and 
Evans,  1985;  McCartney,  1987).  In  this  limit,  which  is  a  common  case  in  ceramic 
composites  and  textile  polymeric  composites,  the  shear  lag  model  of  load  transfer 
between  the  reinforcement  and  the  matrix  is  accurate.  Simple  extensions  of  models  of 
this  class  are  also  available  to  deal  with  small  but  nonzero  levels  of  the  work  required  to 
debond  the  reinforcement  from  the  matrix  prior  to  slip  (Hutchinson  and  Jensen,  1990). 

Given  the  relationship,  p(u),  the  characteristics  of  crack  propagation  can  be  computed  by 
solving  a  bridged  crack  problem.  In  composites  in  which  the  bridging  mechanism  is 
most  effective,  the  zone  of  bridging  can  be  comparable  to  the  crack  length  and  much 
larger  than  features  such  as  notches  (Bao  and  Suo,  1992;  Cox  and  Marshall,  1994)  or,  in 
the  case  of  delamination  cracks,  the  laminate  thickness  (Jain  and  Mai,  1995;  Massabo  and 
Cox,  1999).  Crack  propagation  then  does  not  follow  Linear  Elastic  Fracture  Mechanics, 
in  the  sense  that  there  is  no  single  material  parameter  such  as  toughness  that  correlates 
with  the  crack  growth.  Instead,  the  bridged  crack  problem  is  one  of  large  scale  bridging 
and  the  characteristics  of  propagation  show  features  peculiar  to  the  form  of  the  traction 
law,  p(u)  [Cox,  1991]. 

This  paper  extends  existing  models  of  the  mechanics  of  pullout  to  high  loading  rates.  An 
approach  to  evaluating  a  traction  law  that  takes  account  of  the  inertia  of  the  reinforcement 
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and  the  matrix  is  formulated  as  a  direct  extension  of  the  elementary  static  loading  model 
of  McCartney  (1987)  and  Marshall,  Cox,  and  Evans  (1985).  The  chosen  base  model  for 
static  loading  has  proven  consistent  with  experiments  in  many  material  systems  and  has 
been  the  foundation  of  major  advances  in  understanding  damage  in  composites.  The 
spirit  of  the  present  work  is  to  seek  equivalent  insight  into  dynamic  damage  by 
incorporating  the  influence  of  inertia  into  the  simplest  credible  model.  Thus  not  all 
aspects  of  the  micromechanics  of  pullout  that  could  be  important  in  some  cases  will  be 
addressed.  Instead,  attention  will  be  focused  on  identifying  a  characteristic  time  for  the 
frictional  pullout  problem  that  will  allow  rapid  assessment  of  when  inertial  effects  will  be 
important.  Although  analytical  solutions  are  not  available  for  general  loading  histories, 
the  characteristic  time  can  be  expressed  analytically  in  terms  of  the  material  and 
geometrical  parameters  of  the  problem.  Immediate  insight  into  the  magnitude  of  inertial 
effects  is  implied. 

In  this  first  study,  the  friction  stress  is  assumed  to  be  constant  and  spatially  uniform.  The 
assumption  of  spatial  uniformity  has  been  very  successful  in  accounting  for  data  from 
static  pullout  tests  in  various  material  systems.  One  must  recognize,  however,  that  this  is 
a  strong  assumption  for  dynamic  pullout  problems,  with  possible  consequences  for  the 
qualitative  nature  of  solutions.  With  direct  experimental  tests  still  pending,  the  following 
analysis  presents  useful  results  that  at  least  establish  limits  for  the  particular  case  that  the 
friction  becomes  spatially  uniform. 

All  considerations  in  this  paper  are  restricted  to  mode  I  loading.  The  derived  dynamic 
traction  law  is  used  to  analyse  two  illustrative  cases.  One  is  the  formation  of  a  fully- 
bridged,  steady  state  (semi-infinite)  crack,  which  is  known  by  static  considerations  to 
propagate  in  an  unstable  manner  (dynamically).  This  case  is  representative  of  large  scale 
bridging  problems.  The  other  is  the  case  of  a  dynamic  crack  with  a  bridging  zone  of 
fixed,  limited  length  in  a  double  cantilever  beam  specimen,  which  may  propagate  under 
either  small  or  large  scale  bridging  conditions.  For  both  cracks,  inertial  effects  are  likely 
to  be  significant  for  plausible  crack  parameters. 

2.  Idealisation  of  the  Bridged  Crack  problem 

The  crack  propagation  and  pullout  problems  are  depicted  schematically  in  Fig.  la.  A 
matrix  crack  propagates  on  the  plane  z  =  0  and  is  bridged  by  intact  fibres  in  its  wake. 
(For  simplicity  of  expression,  the  term  fibre  from  here  on  will  be  used  to  refer  to  bridging 
entities  of  any  kind,  including  stitches,  rods,  and  bridging  grains.)  Upon  the  passing  of 
the  crack  tip,  a  debond  crack  propagates  along  the  length  of  each  fibre  away  from  the 
fracture  plane.  Propagation  of  the  debond  crack  is  governed  by  the  fracture  energy 
associated  with  the  separation  of  the  matrix  and  the  fibre  at  the  debond  crack  tip  and  the 
work  done  against  friction  in  displacing  the  debonded  fibre  along  its  axis.  In  many 
composites,  the  debond  energy  is  small  and  pullout  is  dominated  by  friction  over  much  of 
the  range  of  pullout  displacements.  Therefore,  in  this  first  dynamic  pull-out  model  the 
debond  energy  will  be  ignored. 
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The  modeling  assumptions  to  be  used  here  for  the  dynamic  crack  propagation  and  pullout 
problems  will  in  many  respects  be  the  same  as  those  used  in  simple  but  successful  models 
developed  for  the  static  problem.  As  for  static  loading,  the  crack  propagation  problem 
can  be  idealised  by  replacing  the  process  zone  by  elastic  composite  material  down  to  the 
fracture  plane  and  representing  the  phenomena  within  the  process  zone  by  bridging 
tractions  applied  continuously  on  the  fracture  surfaces  (Fig.  lb).  The  bridging  tractions, 
p,  are  related  to  the  axial  stress,  T,  in  the  fibres  at  the  fracture  plane  by  p  =JT,  where /is 
the  area  fraction  of  the  fibres  on  the  plane  z  =  0.  For  aligned  continuous  reinforcement,/ 
is  also  the  volume  fraction  of  the  fibres.  The  total  crack  opening  displacement,  2 u,  in  the 
idealisation  should  be  defined  as  the  difference  in  the  actual  displacement  evaluated 
across  the  process  zone  and  the  displacement  that  would  be  expected  if  the  material  in  the 
process  zone  were  elastic. 

In  static  models,  the  traction  law,  p(u),  is  derived  by  considering  the  micromechanics  of 
the  phenomena  occurring  within  the  process  zone,  which  is  to  say  the  micromechanics  of 
frictional  sliding.  The  micromechanical  problem  can  be  represented  by  a  small  volume 
of  material,  e.g.,  the  material  bounded  by  one  of  the  dotted  rectangles  in  Fig.  la.  The 
traction  boundary  conditions  for  the  representative  volume  are  usually  set  as  follows.  At 
z  =  0,  the  matrix  is  traction-free,  while  the  fibres  sustain  the  axial  traction  T.  At  z  =  h,  the 
strain  in  the  fibres  and  the  matrix  must  equal  the  average  strain  in  the  composite  adjacent 
to  the  process  zone  (z  >  /s).  Shear  tractions  may  arise  along  the  vertical  boundaries  of  the 
representative  volume  (parallel  to  z),  but  these  are  neglected. 

In  the  problem  of  a  crack  propagating  under  static  loading,  the  traction  at  z  =  /  for  the 
representative  volume  associated  with  a  fixed  volume  of  material  is  assumed  to  rise  from 
zero  when  the  material  is  immediately  behind  the  crack  tip  to  increasing  values  as  the 
material  passes  further  back  into  the  wake  (Marshall  et  al.,  1985).  The  tractions  are  not 
truly  zero  right  at  the  crack  tip,  since  the  fibres  are  not  stress-free,  but  assuming  they  are 
leads  to  reasonable  results  for  the  bridged  crack  problem  as  long  as  the  fibres  remain 
intact  over  sufficiently  long  distances  into  the  crack  wake.  Then  shielding  of  the  crack 
tip  is  dominated  by  the  bridging  tractions  acting  in  the  further  crack  wake,  where  the 
boundary  conditions  are  correct. 

Further  details  of  the  micromechanical  analysis  of  the  static  problem  may  be  found  in 
McCartney  (1987)  and  the  appendix  to  Marshall  et  al.  (1985). 

In  dynamic  loading,  similar  steps  are  followed,  but  the  boundary  conditions  at  the 
boundary  of  the  process  zone  involve  displacement  and  displacement  rates  as  well  as 
stress  or  strain  conditions. 

3.  The  Micromechanics  of  Dynamic  Pullout 

When  friction  is  the  only  active  force  of  resistance,  no  debond  crack  tip  or  crack  tip  field 
exists  to  be  considered.  The  dynamic  problem  is  one  of  waves  propagating  along  a  fibre 
and  in  the  surrounding  matrix,  the  two  wave  motions  being  coupled  by  friction. 
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The  archetypal  problem  is  illustrated  in  Fig.  2.  A  representative  volume  consists  of 
cylindrical  fibres  of  radius  R  and  volume  fraction  /  embedded  in  a  matrix  (z,  >  0).  The 
fibre  and  the  matrix  have  axial  Young’s  moduli  E\-  and  Em  and  densities  p\  and  pm 
respectively.  The  axial  displacement,  strain,  and  stress  of  the  fibre  and  the  matrix  are 
denoted  u\  and  wm,  £\  and  £m,  and  <Tf  and  <Jm,  respectively.  The  axial  displacements  will  be 
assumed  to  be  the  only  nonzero  displacement  components  induced  by  loading  and  to  be 
uniform  across  any  section  of  the  fibre  or  the  matrix.  Thus  the  displacement,  strain,  and 
stress  in  the  fibre  and  the  matrix  are  functions  of  z  and  t  only.  These  are  the  usual 
assumptions  of  shear  lag  theory  with  the  simplest  conditions  of  elasticity  (Poisson’s 
effect  omitted).  They  are  consistent  with  assuming  that  the  friction  forces  are  constant 
(unaffected  by  fibre  contraction  or  dilation  due  to  axial  stresses). 

There  is  no  initial  bond  between  the  fibres  and  the  matrix.  The  fibres  are  coupled  to  the 
matrix  by  friction  tractions,  %  which  are  assigned  the  following  properties.  If  relative 
motion  exists  between  the  fibres  and  the  matrix,  then 


tf  =  T 

(“f  <“m) 

(la) 

Tf  =  -T 

(«f  >  «m  ) 

(lb) 

where  a  dot  indicates  time  differentiation,  t  is  a  positive  constant,  and  p  >  0  indicates 
friction  tractions  acting  on  the  fibres  in  the  positive  z  direction.  When  the  fibres  and  the 
matrix  are  not  in  relative  motion,  the  friction  tractions  may  support  stress  gradients  in  the 
fibres  and  the  matrix,  provided  that  the  required  magnitude  of  T\  does  not  exceed  T.  Thus, 
by  equilibrium  considerations, 


da. 


dz 


- Pi 
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1  -f  R 
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Here  the  possibility  is  included  that  the  matrix  and  the  fibres  have  the  same  non-zero 
velocity  and  may  also  be  accelerating  together,  although  solutions  of  such  generality  will 
not  be  exhibited  in  this  paper.  With  such  a  friction  law,  the  dynamic  wave  equations 
describing  those  parts  of  the  fibres  and  the  matrix  that  are  in  relative  motion  may  be 
written  approximately  as 


and 


d2uf  _  2 dz  1  d2uf 

~dzr~~~RE~f+7f^t2 


d2“m  2/  At  |  1  d2“m 

dz2  1  -fREm  cl  dt 2 
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where  0=  1  if  wm>  u(  and  0  =  - 1  otherwise;  and  cf  and  cm  are  the  bar  wave  velocities  in 
the  fibres  and  the  matrix,  given  by 


The  approximation  of  using  the  bar  wave  velocities  rather  than  the  longitudinal  wave 
velocities  in  the  z  direction  in  the  wave  equations  is  consistent  with  the  simplified 
treatment  of  stresses  and  strains  and  the  assumed  uniformity  of  the  friction  stress. 

Boundary  conditions  in  the  dynamic  case  are  as  follows.  At  the  fracture  plane, 

Wf(0,  t)  =  0  &  <Tn(0,  t)  =  0  (z  =  0).  (3) 

At  the  boundary  of  the  process  zone  (limit  of  relative  fibre/matrix  motion), 

wf  =  um  =  uc  (z  =  h)  (4) 

where  uc  is  the  displacement  of  the  adjacent  intact  composite;  and  conditions  also  exist 
on  stress  or  strain  and  particle  velocities.  These  further  conditions  depend  on  the  nature 
of  the  loading  history,  which  can  be  expressed  as  the  function  £(t),  where  £  is  the  strain  in 
the  z  direction  in  the  intact  composite  adjacent  to  the  process  zone  boundary.  The 
bridging  traction,  p,  is  related  to  eby 

p  =  i'E  (5a) 

where  the  composite  modulus,  E,  is  given  by 

E=fEt  +(l-f)Em  .  (5b) 

In  the  depiction  of  Fig.  la,  the  process  zone  boundary  will  propagate  away  from  the 
fracture  plane  as  £(t)  rises.  In  the  case  to  be  considered  in  this  paper,  £(t)  will  be  assumed 
to  rise  continuously  and  monotonically  from  zero.  Placing  the  origin  of  time,  /  =  0,  at  the 
onset  of  nonzero  £(t),  the  location  of  the  zone  boundary  at  time  t  may  then  be  written1  * 

k  =  W)cmt  (6a) 

where  the  function  r/(t )  depends  on  material  and  geometrical  parameters  and  the  form  of 
£(t)  and  will  be  shown  to  be  bounded  by 

0  <  77(f)  <  1  .  (6b) 


1  It  is  easy  to  show  that  all  the  ensuing  results  for  linearly  rising  loading,  e  =  kt ,  are  unchanged  if  rj  is 
defined  instead  by  writing  ls  =  rjitjcp  and  thus  do  not  depend  on  the  relative  magnitudes  of  Cf  and  cm. 
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For  the  loading  conditions  considered,  the  additional  boundary  conditions  at  z  =  k  are: 

uf=um=uc  ( z  =  ls )  (7a) 

and 

£(  =  £m  =  £(t)  (z  =  4).  (7b) 

If  the  load  history,  £(t),  possesses  discontinuities,  e.g.,  a  step  load,  then  discontinuities  in 
stress  and  particle  velocity  will  also  propagate  at  the  boundary  of  the  process  zone  (e.g., 
Achenbach,  1973;  see  also  Appendix  A). 

4.  Composite  Stress  Rising  Linearly  in  Time 

In  the  limit  of  infinite  matrix  stiffness,  the  problem  stated  above  is  equivalent  to  that  of 
an  isolated,  end-loaded  rod  that  is  constrained  by  uniform  friction  acting  on  the  domain 
of  its  surface  that  is  in  motion.  Fairly  general  solutions  of  this  special  problem  were 
presented  some  time  ago  (Nikitin  and  Tyurekhodgaev,  1990;  and  much  earlier  papers 
cited  therein).  A  summary  adapted  to  the  present  context  is  provided  in  Appendix  A. 
This  limit  case  gives  some  indication  of  what  might  be  expected  for  general  loading 
histories  (Section  5  below),  but  it  does  not  contain  much  of  the  essential  physics  of  the 
composite  problem.  When  the  matrix  has  finite  stiffness,  fewer  analytical  solutions  can 
be  found,  because  of  the  complicated  evolution  of  the  relative  motion  of  the  fibers  and 
the  matrix.  One  tractable  case  of  representative  interest  for  dynamic  bridged  crack 
problems  is  that  of  a  load  or  bridging  traction  that  increases  linearly  in  time.  Solutions  of 
this  problem  are  presented  here  and  are  used  to  assess  inertial  effects  in  two  bridged 
crack  problems  in  Section  6. 

A  linearly  increasing  load  might  give  insight,  for  example,  into  bridging  effects  in  a 
specimen  in  which  substantial  bending  arises,  such  as  a  standard  double  cantilever  beam 
delamination  specimen.  In  such  specimens,  the  crack  profile  is  often  approximately 
linear  and  the  rate  of  increase  of  the  bridging  tractions  at  any  point  might  also  therefore 
be  approximately  linear  if  the  crack  propagates  at  approximately  constant  speed.  The 
bridging  traction  at  a  particular  material  point  might  be  expected  to  rise  from  zero  as  the 
delamination  crack  first  passes  until  a  peak  value  is  reached,  perhaps  corresponding  to 
bridging  fibre  rupture.  Analytical  results  can  be  found  for  linearly  increasing  loads. 

Let 


£{t)  =  kt  (8) 

where  k  is  constant  and  all  displacements  and  boundary  tractions  are  zero  for  t  <  0.  In 
this  case,  0=\  and  the  wave  equations  have  the  solutions 
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iif  = - az2  +  [l  +  2  rja\ez 


(9a) 


u 


m 


k  1  2  1 

- Z  H — 

cm  2 rj  2 


[l  +  2rja]ds 


(9b) 


where  //  is  independent  of  time  and  satisfies 
arf  +  Vi  if  +  part  -  Vi  =  0 

with  the  dimensionless  parameters  a  and  / 3  given  by 

E,Rk  H  1  -/£» 

Analysis  shows  that  Eq.  (9c)  has  only  one  real  root,  which  always  lies  in  (0,1). 
The  particle  velocities  and  the  strains  for  0  <  z  <  /s  are  given  by 
it  f  =  [l  +  2  r/a\kz 
<  =  D  +  2r/a]kls 


(  7V 

II 

1  +  2  r/a 

1 1-- 

l  u 

£ 


(9c) 


(9d) 


(10a) 

(10b) 

(10c) 


£ 


m 


(10d) 


Some  important  features  of  these  results  are  as  follows.  The  matrix  particle  velocity  is 
uniform  and  increases  in  proportion  to  ls.  The  fibre  velocity  rises  linearly  through  the 
process  zone.  A  strain  concentration,  £f/£,  propagates  in  the  fibre  behind  the  process  zone 
front,  while  the  matrix  strain  in  the  process  zone  is  always  less  than  £.  The  strain 
distributions  and  velocities  beyond  the  process  zone,  z  >  h,  need  not  be  specified, 
provided  the  composite  strain  £  obeys  the  condition  Eq.  (7)  on  the  process  zone 
boundary. 

The  displacement,  u,  to  be  used  in  defining  the  traction  law,  p(u),  is  given  by  the  common 
fibre  and  matrix  displacement,  ui  =  udz  =  ls )  =  um(z  =  k)  at  the  boundary  of  the  process 
zone  minus  the  displacement  expected  if  the  process  zone  material  were  elastic: 

u  —  U\  -  £ls 
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—arfe2 

k 


Cm<*n  2 
kE-  ' 


(11) 


Equation  (11)  constitutes  the  traction  law  for  the  case  of  linearly  rising  loads. 

Further  physical  insight  may  be  obtained  by  considering  limiting  loading  rates.  The  limit 
of  very  fast  loading  corresponds  to  k  — »  whereupon  a  — »  0  and  rj  — >  1,  since  the  first 
and  third  terms  in  Eq.  (9c)  become  negligible.  The  disturbance  then  propagates  at  the  bar 
wave  speed  in  the  matrix. 


Static  loading  is  represented  by  the  limit  ^:->0or  for  which  the  first  two  terms 

of  Eq.  (9c)  become  small  and  one  has  the  asymptotic  solution 


1 

2 ~ap 


(12) 


For  this  limit,  substituting  Eq.  (12)  into  Eqs.  (6a)  and  (11)  yields 


1  ~fEmR 
f  2  t 


(13a) 


u  — >  u 


(st) 


1-/ 

V  /  J 


K*c  2 

4  Efr 


which  coincide  with  the  results  obtained  by  McCartney  (1987).0 


(13b) 


A  criterion  for  inertial  effects  being  significant  can  be  deduced  by  comparing  results  for 
the  dynamic  and  static  cases.  Equations  (10)  and  (13b)  show  that  for  loads  that  increase 
linearly  with  time,  the  form  of  the  traction  law  is  identical  in  the  static  and  dynamic  cases 
and 


4sr2a^  •  <14> 

li 

Thus  the  strength  of  the  effects  arising  from  inertia  is  measured  by  the  degree  to  which 
the  limit  of  Eq.  (12)  is  not  approached.  This  can  be  conveniently  summarised  by 
comparing  the  product  2 aprj  to  unity. 


2  Marshall  et  al.  (1985)  derived  expressions  with  different  coefficients,  but  those  of  McCartney  are  to  be 
preferred,  since  they  correspond  to  a  proper  definition  of  the  crack  displacement  and  are  consistent  with 
conservation  of  energy. 
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Asymptotic  results  for  large  and  small  j3  offer  further  insight  into  the  criterion  of  Eq. 
(14). 


Large  J3.  Asymptotic  analysis  of  Eq.  (9c)  shows  that  in  the  limit  (3  — >  °°,  2a(3ij  — » 


2 


Vm4+m2-m2 


(second,  third,  and  fourth  terms  of  Eq.  (9c)  dominant),  which 


is  a  function  of  a/3  and  not  of  (3  separately;  and  Fig.  3a  shows  that  this  limit  is  approached 
quite  closely  for  J3  >  1,  which  is  expected,  for  example,  for  composites  containing 
relatively  stiff  fibres  (E(  >  Em).  Fig.  3a  also  suggests  that,  as  an  engineering  estimate, 
inertial  effects  are  large  when 


a(3  =  ^~ - —^<2 


(J3>  1) 


(15) 


1  ~f  Rk  En 

Remembering  that  k  is  the  time  constant  of  the  loading,  this  condition  can  be  rewritten 

(f3>  1)  .  (16) 


_i  A-f  Em  R 
k  1  <  2-  J  m 


f  T 


Small  j 6.  The  limit  of  a  relatively  stiff  matrix  can  be  analysed  by  observing  that  E/ 
while  j3  oc  E’J  ;  and  that  Eq.  (9c)  in  the  limit  Em  — >  °o  therefore  yields  the  limiting 
solution  i]  — >  (2a)  1/3  (first  and  last  terms  of  Eq.  (9c)  dominant).  Thus  2(xf3ij  — > 
(2  a(3yB (3{li  when  a/3  — >  0.  Figure  3b  shows  this  approximation  for  three  values  of  f3  <  1. 
While  the  limit  is  approached  only  for  a/3  so  small  that  2  af3rj  is  also  small,  it  can 
nevertheless  be  used  as  the  basis  for  engineering  estimates  of  the  condition  for  significant 
inertial  effects,  i.e.,  the  first  significant  departure  of  2 app  from  unity.  The  construction 
of  Fig.  3b  suggests  that  inertial  effects  will  be  significant  when  a(3  <  4(  a(3)  \ .  where  {a/3) \ 
is  the  value  of  the  product  a/3  at  which  the  equation  (2 a/3)2l'/3m  =  1  is  satisfied;  i.e., 

a/3<^~  {(3<  1).  (17) 

P 

This  leads  to  the  criterion  for  significant  inertial  effects  for  composites  with  relatively 
stiff  matrices  that 


k~l  <  21 


1  -/ 

/ 


A 

E:  t  cm 


(fi<  1) 


(18) 


The  criteria  of  Eqs.  (16)  and  (18)  coincide  when  (3=  1. 

Since  2  a(3rj  <  1  always,  inertial  effects  increase  the  stiffness,  dp/du,  of  the  traction  law 
for  loads  that  increase  linearly  in  time. 
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5.  Fibre  Pullout  from  a  Rigid  Matrix 

Analytical  results  have  not  been  obtained  for  other  loading  histories  for  the  composite 
problem.  However,  results  for  the  pullout  of  a  single  fibre  from  a  rigid  matrix  to  which  it 
is  coupled  by  friction  can  be  found  for  step  loads  as  well  as  linearly  increasing  loads. 
While  this  limiting  case  omits  much  of  the  physics  of  the  composite  problem,  its 
solutions  offer  some  further  insight  into  expected  behaviour. 

The  problem  considered  for  a  rigid  matrix  is  as  shown  in  Fig.  4.  The  fibre  is  loaded  on 
the  fracture  plane  by  tractions,  T(t),  which  can  be  represented  by  the  boundary  condition, 
£o(t),  for  the  axial  strain  in  the  fibre  at  z  =  0.  The  response  of  the  system  that  is  of  interest 
is  wholly  represented  by  the  load  point  displacement,  i.e.,  the  displacement,  «o(0>  of  the 
fibre  at  z  =  0,  since  the  matrix  is  rigid  (motionless).  Specifying  a  boundary  condition  on 
the  fracture  plane,  rather  than  at  the  end  of  the  slip  zone,  as  for  the  composite  problem,  is 
preferred  here  because  it  allows  a  simpler  statement  of  the  step  loading  case. 

Full  solutions  of  this  problem  for  step  and  linearly  increasing  loads  are  given  in  (Nikitin 
and  Tyurekhodgaev,  1990)  and  Appendix  A.  For  the  present  discussion,  the  most 
interesting  features  are  the  following. 

While  the  load  point  displacement  is  reduced  by  inertial  effects  for  linearly  increasing 
loads,  for  a  step  load  it  is  increased.  For  a  linearly  increasing  load,  tl,  =  kt, 


Mo  _9 

1 

1 

<N 

+ 

1 _ 

„(*> 

u0 

1 

to 

1 _ 

(19) 


at  any  time,  where  the  characteristic  time  of  the  system,  />,  is  given  by 


EfR 
E=  — 
Tc( 


(20) 


with  the  subscript  “r”  referring  to  the  matrix  being  rigid.  The  ratio  of  Eq.  (19)  is  plotted 
in  Fig.  5.  It  is  always  less  than  unity.  For  a  step  function  load  £o(t)  =  %  a  constant  for  t  > 
0,  all  motion  ceases  when  t  =  £btr.  At  this  point,  u{)  =  2uq :  in  contrast  to  the  case  of 

continually  increasing  loading,  inertial  effects  double  the  displacement  expected  from 
loading  statically  to  the  same  applied  load.  Correspondingly,  the  strain  gradient  left  in 
the  fibre  following  dynamic  step  loading  is  exactly  half  that  found  after  static  loading. 

One  may  now  form  a  conjecture  about  the  behaviour  that  should  be  expected  in  the 
composite  problem  (with  a  compliant  matrix)  if  a  linearly  increasing  load  is  followed  by 
a  period  of  constant  loading.  If  the  composite  strain  has  been  increased  linearly  to  some 
value  fat  time  t\,  the  matrix  and  fibre  will  both  be  moving  at  the  boundary  of  the  process 
zone  with  (positive)  velocities  given  by  Eqs.  (10a)  and  (10b)  evaluated  at  z  -  4-  To 
achieve  this  state,  the  still-intact  composite  itself  must  be  accelerating  towards  positive  z. 
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maintaining  the  same  velocity  at  z  =  h-  If  the  composite  strain  is  then  fixed  (no  longer 
increasing),  the  composite  will  slow  down  and  the  matrix  and  fibre  will  begin  to 
compress  into  the  boundary  of  the  process  zone,  under  the  influence  of  their  inertia.  This 
gives  rise  to  quite  complex  motions,  but  the  end  result  will  be  that  the  matrix  will  have 
displaced  further  relative  to  the  fibre  at  the  crack  plane  and  the  effective  crack 
displacement,  u,  will  have  increased  from  its  value  at  t  =  t\.  Analogy  with  the  problem  of 
the  fibre  being  pulled  out  of  a  rigid  matrix  suggests  that  u  might  finally  be  larger  than  if 
the  composite  strain  increased  to  the  same  level  statically.  However,  this  conjecture  must 
be  substantiated  by  numerical  solutions. 

6.  Implications  for  Dynamic  Bridged  Cracks 

Whether  or  not  dynamic  effects  in  the  pullout  process  will  be  important  in  the  problem  of 
a  propagating  bridged  crack  will  depend  on  the  loading  rate  for  the  bridging  element 
(fibre,  stitch,  or  rod).  The  fibre  loading  rate  will  depend  on  the  crack  propagation  rate 
and  the  crack  profile,  which  will  depend  on  extrinsic  factors  such  as  the  specimen  shape 
and  the  loading  configuration  Taking  account  of  all  of  these  factors  in  a  dynamic  fracture 
problem  presents  quite  a  challenging  calculation.  However,  the  onset  of  significant 
dynamic  effects  can  be  evaluated  without  solving  a  dynamic  fracture  problem,  but  simply 
by  considering  the  rate  of  change  of  displacements  implied  by  static  solutions  when  the 
applied  load  follows  the  time  history  of  the  dynamic  case. 

The  likely  magnitude  of  inertial  effects  is  analysed  for  two  crack  problems  in  the 
following.  To  make  use  of  the  results  of  Section  4,  the  composite  strain  at  the  boundary 
of  the  process  zone  is  assumed  to  rise  linearly  in  time.  Of  course,  this  may  not  be  the 
case  -  the  dynamic  crack  propagation  problem  must  be  solved  with  a  self-consistently 
derived  dynamic  traction  law  before  the  form  of  the  rate  of  increase  can  be  known  -  but 
in  the  cases  considered  it  appears  plausible. 

6.1  Steady-State,  Fully-Bridged  Crack  -  the  ACK  Limit 

Consider  first  a  crack  that  would  propagate  under  static  conditions  to  the  so-called  ACK 
limit,  in  which  a  uniform  applied  stress  comes  into  equilibrium  with  the  bridging  stresses 
provided  by  intact  fibres  in  the  far  crack  wake  (Fig.  6).  The  ACK  limit  can  be  attained, 
for  example,  by  a  matrix  crack  in  a  ceramic  matrix  composite  in  an  infinite  specimen 
loaded  in  remote  tension  (Aveston,  Cooper,  and  Kelly,  1971;  Cox  and  Marshall,  1994). 
The  static  applied  stress,  &ack,  required  to  continue  crack  propagation  in  the  ACK  limit 
is  invariant  and  the  crack  opening  displacement  in  the  far  crack  wake  is  uniform  (Fig.  6). 
For  a  composite  in  which  the  bridging  elements  are  coupled  to  the  matrix  by  uniform 
friction,  static  analysis  gives  the  following  well-known  results  (e.g.,  McCartney,  1987; 
Appendix  B  in  Massabo  and  Cox,  1999;  Marshall  and  Cox,  1988).  The  critical  stress, 
Pack,  is  given  by 


where 


G ACK  ~ 


(21) 
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p  2jE 

7  “  7*1  “((!-/)£  J 

and  Gc  is  the  critical  crack  tip  energy  release  rate  for  the  matrix  crack.  The  bridging 
stress  approaches  close  to  (Tack  at  a  characteristic  distance,  /ack,  from  the  crack  tip  given 

by 


EfT 

R 


(22) 


/ 


ACK 


,7/. 

~4 


(23) 


where  E  is  an  elastic  constant  that  depends  on  the  degree  of  anisotropy  of  the  composite 
(defined,  e.g.,  in  Cox  and  Marshall,  1991).  If  the  composite  strain  on  the  boundary  of 
the  process  zone  in  the  wake  of  the  ACK  crack  is  assumed  to  rise  linearly  in  time,  as  in 
Eq.  (8),  then 


k  =  aACKjE  (24) 

where  Cd  is  the  velocity  of  propagation  of  the  delamination  crack  tip,  which  is  assumed 
constant.  Using  Eq.  (9d),  the  product  a/3.  which  determines  the  magnitude  of  inertial 
effects  for  a  linearly  rising  load,  is  then 

77"  ]  —  -f  TP  17  /* 

af3~  — — - - (ACK  crack)  .  (25) 

16  f  E  Ef  cd 

For  the  square  root  traction  law,  p  °c  u  ,  the  friction  stress,  T.  the  fibre  radius,  R,  and  the 
critical  energy  release  rate  for  the  matrix,  Gc,  do  not  appear  in  this  expression,  although 
they  appear  in  /Ack  and  Oack  separately  (Eqs.  (21)  and  (23)). 

For  composites  satisfying  /3  >  1,  the  criterion  for  significant  inertial  effects  in  the 
bridging  mechanism  is  that  a/3  <  2  (Eq.  (15)).  For  elastically  homogeneous  composites, 
E  ~  E  and  a/3  depends  only  on  /  and  the  ratio  of  the  wave  speed  cm  and  the  crack 
velocity  Cd-  For  example,  for/=  0.5,  a/3  will  have  a  value  less  than  2  if  Cd  >  (;z/32)cm. 
The  velocity  of  a  crack  propagating  in  the  ACK  configuration  has  not  previously  been 
calculated.  However,  if  the  crack  is  fully  bridged,  as  in  an  unnotched  composite 
exhibiting  multiple  matrix  cracking,  crack  growth  is  known  to  be  unstable  (e.g.,  Cox  and 
Marshall,  1994),  so  that  crack  velocities  satisfying  Cd  >  (^/32)cm  would  appear  to  be 
feasible. 

For  composites  satisfying  /3  <  1  (/3  ~  0.1  would  appear  to  be  easily  attainable),  inertial 
effects  will  appear  at  crack  velocities  lower  by  a  factor  of  ft  (Eq.  (18)). 

Thus  inertial  effects  are  predicted  to  be  significant  for  the  ACK  crack  configuration  for  at 
least  some  common  composites. 
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6.2  Wedge-Loaded  Double  Cantilever  Beam 

The  double  cantilever  beam  (DCB)  specimen  loaded  dynamically  by  a  flying  wedge 
offers  a  relatively  simple  experimental  approach  to  the  mode  I  dynamic  delamination 
problem  (Fig.  7).  The  test  is  especially  attractive  for  studying  the  bridging  effects 
supplied  by  through-thickness  reinforcement  (e.g.,  stitches  or  rods)  in  laminates.  An 
estimate  of  the  likely  role  of  inertia  in  bridging  by  stitches  or  rods  follows.  In  the  context 
of  this  paper,  the  “fibre”  refers  in  this  case  to  a  stitch  or  rod  and  the  “matrix”  to  the 
laminate. 

For  an  increasing  bridging  traction  law,  i.e.,  a  law  for  which  dp/du  >  0,  the  crack  surfaces 
at  the  crack  tip  are  predicted  to  come  into  contact  in  the  DCB  specimen  under  static 
loading  at  a  certain  crack  length  (Massabo  and  Cox,  2000).  The  crack  will  be  arrested  at 
this  point,  since  the  crack  tip  energy  release  rate  must  then  vanish.  Furthermore,  the 
crack  surfaces  remain  in  contact  when  the  applied  load  is  increased  so  that  the  crack 
remains  arrested  and  failure  eventually  ensues  by  another  mechanism.  An  analogue  of 
this  interesting  phenomenon  of  crack  tip  closure  and  crack  arrest,  which  is  a  result  of 
large  scale  bridging  effects,  might  also  be  anticipated  in  dynamic  loading  (Beyerlein  et 
al.,  2000).  An  interesting  case  therefore  is  to  consider  the  rate  of  opening  of  a  crack  that 
has  arrested  and  is  being  loaded  further  by  the  flying  wedge. 

Simple  analytical  expressions  for  the  opening  displacements  are  available  in  the  static 
case  for  a  linear  bridging  law,  p  =  fyu,  and  a  composite  with  moderate  levels  of  elastic 
anisotropy.  If  l  is  suitably  large  in  Fig.  7,  then  the  bending  moment  at  the  notch  root,  x  = 
0,  will  dominate  over  the  shear  load  at  x  =  0.  In  this  case,  the  crack  will  arrest  after 
propagating  a  distance  a\  given  by  (Massabo  and  Cox,  2000) 


where 


b  = 


h 

4  Kh 


(26) 


(27) 


with  Ed  =  EJ(  1  -  vxy  Vyx)  (plane  strain  conditions  assumed)  and  7d  =  1 2/ h\  with  h  the 
laminate  half-thickness  (see  Fig.  7  for  coordinates  and  dimensions).  Insight  into  the 
magnitude  of  dynamic  effects  in  the  bridging  phenomenon  can  be  gained  by  considering 
the  rate  at  which  the  crack  opens  at  the  end  of  the  bridging  zone  (x  =  0  in  Fig.  7)  under 
the  influence  of  the  wedge  load  when  the  crack  length  is  fixed  at  a  =  a\.  From  the  results 
of  Massabo  and  Cox  (2000),  the  load  point  displacement,  6 ‘  at  the  point  where  the  wedge 
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contacts  the  specimen  can  be  related  for  large  /  to  the  crack  opening  displacement, 
x  =  0  (the  last  intact  bridging  element)  by  (see  Appendix  B)3D 

- 1/ 


8  = 


2 

V3 


/?/ 


u0 ,  at 


(28) 


The  composite  strain  at  the  boundary  of  the  process  zone  at  x  =  0  is 

£  _  /Mo 
c  M 

while,  for  a  wedge  subtending  an  angle  2^  and  moving  at  velocity  vw. 


—  =  vw  tan^ 
dt 


(29) 


(30) 


If  vw  is  constant,  Eqs.  (28  -  30)  yield  a  linear  rate  of  increase  for  £,  where,  in  the  notation 
of  Eq.  (8), 


7  s 

k  = - 

2 


K&h 


hvw  tan^ 
/ 2 


and  thence 


(31) 


a/3  = 


2  f  t  E3  l2  cm 
V3  1- /  J Ex/33h  Em  hR  vw  tan^ 


(wedge-loaded  DCB)  . 


(32) 


Here  cm  refers  to  the  bar  wave  speed  in  the  laminate  (“matrix”)  in  the  through-thickness 
direction.  The  modulus  E 3  is  that  of  the  composite  (with  stitches  or  rods)  in  the  through¬ 
thickness  direction,  while  Em  is  that  of  the  laminate  (without  stitches  or  rods)  in  the  same 
direction.  If/is  small,  which  is  the  usual  case,  Em  ~  £3;  and  the  factor  //(l  -  /  )  ~j\  with 
/=  0.05  a  typical  value.  Experimental  data  for  typical  stitched  laminates  show  [3\  ~  100 
MPa/mm  (Massabo  et  al.,  1998;  Turrettini,  1996).  Taking  E'x  =  60  GPa  and  h  =  6  mm, 

the  factor  -sjE[  (3-,h  has  the  representative  value  6  GPa.  The  ratio  tj ^E'x/33h  will  have 

typical  values  ~  10"3  -  10"2  (r=  6-60  MPa).  With  l  =  20  mm,  R  =  1  mm,  and  (/>=  20°, 
for  example,  Eq.  (32)  reduces  to  the  particular  numerical  estimate 


3  These  estimates  are  based  on  results  for  a  linear  bridging  law.  Equivalent  results  for  a  quadratic  law,  p 
m1/2,  which  is  expected  for  static  loading  of  fibers  coupled  to  the  matrix  by  friction,  have  not  been 
published.  However,  the  estimated  times  for  reaching  a  given  displacement  and  composite  strain  are  likely 
to  be  of  the  same  order  of  magnitude  as  for  a  linear  law. 
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O.Ol^s.  <ap<  O.I^l  .  (33) 

For  composites  for  which  (3  >  1  (including  most  stitched  laminates),  inertial  effects  will 
be  significant  (i.e.,  (x{3  <  2)  provided  vw  >  cm/200  (f=  6  MPa)  or  vw  >  cm/20  (f=  60 
MPa). 

Such  wedge  velocities  are  eminently  attainable  and  inertial  effects  in  the  bridging  law  are 
likely  to  be  significant  in  the  wedge-loaded  DCB  test. 

7.  Discussion 

7.1  Shear  Lag  Approximation 

The  solutions  presented  here  are  based  on  the  approximation  that  displacements  are 
functions  of  z  only.  For  static  loading,  this  is  an  accurate  approximation  as  long  as  the 
slip  distance  is  large  compared  to  the  fibre  diameter  (Hutchinson  and  Jensen,  1990).  The 
condition  that  the  slip  zone  length  should  be  much  larger  than  the  fibre  diameter  will  be 
satisfied  if  the  friction  stress,  T,  takes  values  typical  in  brittle  matrix  composites  or 
polymer  textile  composites. 

For  dynamic  problems,  the  conditions  under  which  solutions  that  depend  on  z  only  will 
be  accurate  have  not  yet  been  studied.  The  solutions  presented  in  this  work  will  at  least 
provide  tentative  limits  against  which  three-dimensional  numerical  solutions  can  be 
compared. 

Whether  the  approximation  that  displacements  depend  on  z  alone  is  accurate  will  also 
depend  on  the  presence  of  a  nonzero  debond  energy  (energy  required  for  separation  of  the 
fibres  and  the  matrix).  Here  the  debond  energy  was  assumed  to  be  zero  (fibres  and 
matrix  already  chemically  separated).  Dynamic  analysis  of  materials  in  which  the 
debond  energy  is  not  small  will  be  significantly  more  complicated. 

7.2  Nature  of  the  Friction  Stress 

Recent,  unpublished  experiments  on  the  dynamic  push-in  of  a  thin  plate  (plane  strain 
analogue  of  the  push-in  of  a  rod  or  fibre)  have  shown  some  interesting  characteristics  that 
suggest  more  complicated  states  of  friction  than  those  assumed  here  (Rosakis  and  Owen, 
2001).  In  the  push-in  tests,  dynamic  strain  field  measurements  revealed  indirect  evidence 
that  the  friction  stress  was  not  uniform,  but  consistent  rather  with  dynamic  stick-slip 
behavior.  The  velocity  of  the  advance  of  the  stress  disturbance  in  the  thin  plate  exceeded 
the  shear  wave  speed  and  was  always  less  than  the  bar  wave  speed  (i.e.,  was  intersonic), 
consistent  with  the  predictions  of  the  present  model.  However,  the  velocity  appeared  to 

take  only  two  discrete  values  -  the  bar  wave  speed  or  ^2 cs  ,  where  cs  is  the  shear  wave 

speed  of  the  fibre.  This  speed  is  associated  by  prior  theoretical  work  with  the  condition 
for  energy  consistency  of  an  intersonic  shear  delamination  crack  (Lambros  and  Rosakis, 
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1995;  Liu  et  al.,  1995).  The  simple  assumption  of  spatially  uniform  friction  in  the  present 
model  leads  in  contrast  to  a  continuous  spectrum  of  possible  velocities. 

The  friction  characteristics  during  push-in  tests  are  very  likely  related  to  Poisson’s  effect, 
which  leads  under  the  sense  of  loading  for  the  push-in  case  to  predicted  interpenetration 
of  the  contacting  surfaces  in  the  wake  of  the  friction  front.  The  interpenetration  vanishes 

for  only  one  special  velocity,  ^2cs  ,  which  is  close  numerically  to  that  observed  in  the 

new  experiments.  One  might  infer  that  this  velocity  is  selected  in  the  push-in  experiment 
to  minimise  the  energy  of  the  system  by  avoiding  the  strong  friction  that  would  be  caused 
by  a  driving  force  for  interpenetration.  In  bridged  cracks  opening  in  mode  I,  the  fibre  (or 
reinforcement)  is  being  pulled  out  of  the  matrix.  In  this  case,  Poisson's  effect  will  usually 
tend  to  separate  the  sliding  surfaces;  there  may  not  be  a  selection  mechanism  for  any 
particular  velocity.  Further  experiments  will  be  of  great  interest. 

7.3  Other  Physical  Aspects  of  the  Solutions 

For  stitched  laminates,  one  of  the  cases  assessed  in  Section  5,  the  requirement  that  the 
slip  or  process  zone,  /s,  be  large  compared  to  the  fibre  (stitch)  diameter  (typically  1  mm) 
implies  that  it  will  also  be  comparable  to  or  greater  than  a  typical  laminate  half-thickness, 
h  (~  6  mm).  When  the  value  of  /s  predicted  for  an  infinite  body  would  exceed  h,  stress 
waves  will  reflect  from  the  laminate  surface,  complicating  the  micromechanics  of  the 
process  zone.  These  effects  are  not  studied  here. 

A  feature  of  the  wave  solutions  for  loads  that  increase  monotonically  from  zero  with  time 
is  that  stress  disturbances  propagate  away  from  the  fracture  plane  at  velocities  other  than 
either  the  matrix  or  fibre  bar  wave  speed.  This  is  the  case  for  both  the  composite  problem 
(Section  4)  and  the  problem  of  a  fibre  being  pulled  out  of  a  rigid  matrix  (Nikitin  and 
Tyurekhodgaev,  1990;  Appendix  A).  In  the  composite  problem,  the  front  velocity  is 
always  less  than  the  matrix  bar  wave  speed.  The  possibility  exists  that  the  front  velocity 
will  exceed  the  bar  wave  speed  in  the  fibres,  but  numerical  checks  show  that  this  can 
happen  only  for  very  high  (and  unlikely)  ratios  of  fibre  to  matrix  density. 

No  account  has  been  attempted  here  of  the  conditions  under  which  the  strain  at  the 
boundary  of  the  process  zone,  £,  can  be  expected  to  rise  linearly  in  time,  apart  from  the 
special  case  of  a  wedge  loaded  DCB  specimen.  The  relationship  between  £  and  the  far 
field  conditions  in  a  dynamically  loaded  body  will  generally  be  complicated  and  revealed 
only  by  computational  solutions  of  the  dynamic  stress  propagation  problem  for  the  whole 
body,  including  the  process  zone.  The  particular  problem  of  finding  far  field  loading 
conditions  that  will  result  in  £(t)  being  linear  in  time  is  very  challenging. 

8.  Conclusions 

Some  analytical  results  have  been  presented  for  the  problem  of  bridging  by  the 
mechanism  of  fibre  pullout  when  the  inertia  of  the  fibre  and  the  matrix  are  taken  into 
account.  Simple  criteria  have  been  specified  for  significant  inertial  effects  in  the  bridging 
mechanism  in  representative  mode  I  crack  propagation  problems.  Inertial  effects  in  the 
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bridging  mechanism  will  often  be  significant  for  a  matrix  crack  propagating  dynamically 
in  the  steady  state  ACK  limit  in  a  brittle  matrix  continuous  fibre  composite  or 
delamination  in  laminates  reinforced  by  through-thickness  stitching  or  rods. 

Significant  inertial  effects  are  favoured  by  low  fibre  volume  fraction,  low  friction  stress, 
low  matrix  bar  wave  speed,  and  low  fibre  modulus;  and  high  fibre  diameter  and  high 
matrix  modulus.  If  the  fibre  modulus  is  high  enough  (relative  to  the  matrix  modulus),  the 
criterion  for  inertial  effects  becomes  independent  of  fibre  modulus.  The  matrix  density 
enters  the  criterion  only  through  the  matrix  bar  wave  speed.  The  criterion  is  always 
independent  of  the  fibre  density. 

For  pullout  or  bridging  stresses  that  rise  linearly  in  time,  the  instantaneous  crack 
displacement  is  less  in  the  presence  of  inertial  effects  than  it  would  be  under  static 
loading  to  the  same  bridging  stress.  However,  solutions  for  pullout  from  a  rigid  matrix 
suggest  that,  if  the  bridging  stress  rises  rapidly  and  is  then  held  at  a  constant  value,  the 
crack  displacement  when  all  particle  motion  finally  stops  will  be  greater  than  it  would 
have  been  under  static  loading  to  that  stress  level.  Thus  regimes  of  both  hardening  and 
softening  of  the  bridging  traction  law  due  to  inertial  effects  can  be  expected  in  bridged 
crack  problems. 
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Appendix  A.  Fibre  Pullout  from  a  Rigid  Matrix. 

Solutions  are  exhibited  here  to  the  problem  described  in  Fig.  4  and  related  text.4  Evince 
the  matrix  is  rigid,  it  experiences  no  motion.  The  motion  of  the  fibre  is  governed  by  the 
wave  equation  of  Eq.  (2a).  The  problem  is  defined  by  stating  the  value  of  the  load 
applied  to  the  end  of  the  fibre  at  z  =  0,  rather  than  the  matrix  strain  at  the  end  of  the 
process  zone. 

Boundary  Conditions  for  Front  of  Propagating  Disturbance 

Let  the  location  of  the  front  limiting  the  extent  of  the  stress  disturbance  caused  by  waves 
propagating  along  the  fibre  be  written  lt  =  t]c\t,  where  the  applied  load  is  turned  on  at 
time  t  =  0.  (The  subscript  “r”  is  used  for  this  problem  as  a  mnemonic  for  “rigid”  matrix.) 
The  jump  in  the  stress,  A  Of,  and  jump  in  particle  velocity,  Au(  (where  uf  =  du{  fdt ), 

across  the  front,  i.e.,  from  z  >  tjcd  to  z  <  Bed,  must  satisfy  the  energy-conserving  relation 
expected  from  integration  of  the  impulse  across  the  front,  namely  (see,  e.g.,  Achenbach, 
1973) 


Adf=-^L  (A.l) 

Pfvo 

where  Vo  is  the  velocity  of  the  front,  vo  =  Cfd(t]t)/dt .  To  ensure  integrity  of  the  fibre,  the 
displacement  must  be  continuous  across  the  front,  i.e., 

«fM=o  (z-w;)  .  (a. 2) 

Two  front  conditions  may  now  be  distinguished.  If  a  stress  discontinuity  exists  at  the 
front,  A<rf  >0,  then  kinematic  considerations  along  with  Eq.  (A.l)  necessitate  that  (see, 
e.g.,  Achenbach,  1973) 

7=1  (A<rf>0)  (A.3a) 

or,  equivalently,  vo  =  Cf.  If  the  stress  is  continuous  across  the  front,  i.e.,  Of  =  0  at  z-  Zu 
then  the  velocity  of  the  front  remains  indeterminate: 

0 <  7<  1  (A<rf  =0)  .  (A. 3b) 

Solutions  obeying  both  Eqs.  (A. 3a)  and  (A. 3b)  will  be  demonstrated  in  the  following. 


See  also  (Nikitin  and  Tyurekhodgaev,  1990).  Dynamic  solutions  are  developed  here  for  the  cases  of 
particular  interest  to  the  delamination  problem,  with  emphasis  on  the  relationship  between  the  dynamic 
results  and  the  static  limit.  Some  minor  errors  in  Nikitin  and  Tyurekhodgaev  for  the  case  of  loading  that  is 
linear  in  time  are  corrected. 
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Step  function  Load 

Consider  first  a  step  function  load  such  that 
„  duf 


dz 


Ef£o 


for  t  >  0 


(A.4) 


z=0 


Since  a  stress  discontinuity  is  implied  by  a  propagating  step  load,  the  front  conditions 
given  by  Eqs.  (A.l),  (A. 2),  and  (A. 3a)  are  expected  to  apply.  The  solution  to  the  wave 
equation,  Eq.  (2a),  that  satisfies  these  boundary  conditions  is 


uf  =  ■ 


2  REt 


(z2  -Cft2)+s0{z-cft) 


(A. 5) 


with  7=1  (front  velocity  vo  =  Cf)  always.  The  particle  velocity  is  thus 
du{  _  * 


dt  RE, 


~cft  £0cf 


■cf  — 


(A. 6a) 


where 


EfR 
L=  — 

TCf 


(A. 6b) 


and  is  independent  of  z:  within  the  sliding  zone  0  <  z  <  ctf,  the  fibre  moves  with  uniform 
velocity.  The  particle  acceleration  is  given  by 


d2uf 


dt 


T  2  Cf 

2  RE,  l 


(A.7) 


which  is  uniform  in  time.  Motion  stops  when 


t=£otr  .  (A. 8) 

This  is  the  characteristic  time  of  the  dynamic  process  for  the  case  of  a  rigid  matrix.  At  t  = 
£otr,  the  sliding  zone  has  advanced  a  distance 

E  R 

lT  =  c{t,£()  =  -*—£0  ( t  =  £qU)  (A. 9) 

T 

The  strain  along  the  rod  has  the  distribution 


RSCbnc/sn  11:56  AM  01/14/03 


22 


INERTIAL  EFFECTS  IN  PULLOUT 


T 

REi 


(A.  10) 


The  load  point  displacement,  uq,  (i.e.,  the  displacement  at  z  -  0)  evolves  in  time 
according  to 


:-C0Cft| 


1- 


1  t 
2c0  tr 


(A.ll) 


When  t  =  £otr. 


u0  = 


EfR 


(t  =  £ot<)  (A.  12) 


which  is  exactly  twice  the  displacement,  Mq ,  developed  under  static  loading  (see 
below).  The  final  slip  length,  /r,  is  also  twice  the  slip  length  for  static  loading;  and  the 
strain  gradient,  duf  /dz  ,  is  half  that  developed  under  static  loading. 

One  important  consequence  of  the  last  fact  is  that  when  motion  is  arrested  at  t  =  £otr,  no 
further  stress  relaxation  is  required:  the  stress  gradient  at  t  =  GoE  is  only  half  the 
maximum  gradient  that  can  be  supported  in  the  fibre  by  the  friction  tractions.  According 
to  the  constitutive  behaviour  assumed  for  the  friction  phenomenon,  Eq.  (lc),  the  fibre  will 
remain  motionless.  Therefore,  the  configuration  predicted  for  t  =  GqE  is  the  final 
configuration.  Since  Eq.  (A.  10)  predicts  that  <7f(/r)  =  0  at  t  =  Gotr,  the  front  condition  will 
switch  at  this  instant  to  Eq.  (A. 3b):  the  condition  of  Eq.  (A.l)  leads  to  an  indeterminate 
front  velocity. 

When  the  fibre  arrests  at  t  =  Got r,  the  particle  acceleration  in  the  slip  zone  falls 
instantaneously  to  zero  from  the  constant  value  of  Eq.  (A.7).  At  the  same  instant,  the 
friction  tractions  along  the  slip  zone  fall  from  the  uniform  value,  t,  which  they  had  during 
the  motion  of  the  fibre,  to  zl 2,  the  value  required  to  sustain  the  stress  gradient  in  the  fibre 
at  the  time  of  arrest.  This  discontinuous  change  in  the  friction  stress  is  a  direct 
consequence  of  the  constitutive  behavior  embodied  in  Eq.  (1). 

For  the  step  load  case,  Eq.  (A. 5)  yields  the  following  energy  analysis.  The  work  done  by 
the  load  at  time  t  <  G)lr  is  given  by 


W}  =7tR2E{g0u()  = 


nE^e^R? 

r  r  \ 

fi-1 

2 

r  f  yi 

T 

WrJ 

(A.13) 


The  kinetic  energy  in  the  moving  fibre  at  time  t  is  given  by 
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(A.  14) 


The  strain  energy  in  the  fibre  at  time  t  is  given  by 


We=l; 


,t*R  Ef 


c)u{ 

v  dz  j 


dz  =  ^i4R> 


f  .  A 


2t 


vVry 


'  f A 


V  £ oC  y 


1 

H — 

3 


y  ,  \ 


Vf0*r  y 


(A. 15) 


These  energy  dissipated  in  friction  up  to  time  t  is  given  by 


Wf  =  2nRmdz  =  7rEl£dR_ 


2JD3f  {  \2 


vfofr  y 


3 


'  f A 


VfoC  y 


(A. 16) 


The  energy  terms  are  plotted  in  Fig.  A.l.  The  total  work  done  at  time  t  =  Sod  is  exactly 
three  times  that  done  in  static  loading  to  £qE(  (see  below). 

Linearly  Increasing  Load 

Consider  next  the  case  of  an  applied  strain  that  is  given  by  the  linear  law 


(o)  =  £, s"' 


dz 


Efkt  (t>0) 


(A. 17) 


z=0 


In  this  case,  a  physically  meaningful  solution  is  found  only  for  the  front  condition  given 
by  Aoi  =  0  and  Eq.  (A. 3b).  With  these  boundary  conditions,  Eq.  (2a)  has  the  solution 


■{z,t)  =  - 


TZ 


2  r 


2  RE, 


f  L 


2  REt 


REf  1 


^■(z-TjCf  tf 


f  L 


+  ktz 


(z  <  rjat ) 


(A.  18) 


with 


*7  = 


l  +  (/Tj.  )  +l 


(A. 19) 


where  t,  is  the  characteristic  time  of  Eq.  (A. 8).  Thus  the  particle  velocity  is  given  by 
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the  acceleration  by 
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dt 2 


RE 


f  L 


i/i+(K)2-i 


the  stress  distribution  by 


TZ 

a,  =  kEft-  — 

*  *  L 


-Jl  +  (fcfr)  +1 


and  the  load  point  displacement  by 
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^  2.2 
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2REr 
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(*>0) 


(A. 20) 


(A. 21) 


(A. 22) 


(A. 23) 


The  static  limit  in  this  case  can  be  found  by  taking  the  limit  k  — >  0.  One  finds 

EfRkt  _  <T|  (0,/ )/?  _  ,(st) 

'  r 


du 


dt 


>  k 


2t  2  t 

<y{  (o,t) 


Z-- 
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f7f  — >  <Tf  (0,t) 
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crf  (0,f)  /e 


=  ^st) 
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4-r  1  j  4£fr 


.(St) 


(]fc-»0) 

(lfc-»0) 

(jfc-»0) 

(k  —>  0) 


(A. 24a) 

(A. 24b) 


(A. 24c) 


(A.24d) 


where  the  superscript  “(st)”  indicates  the  result  obtained  by  static  analysis  for  loading  to 
the  instantaneous  value,  <Jz(0,t),  of  the  applied  tractions  (see  below).  In  the  static  limit, 
Eq.  (A. 24b)  also  shows  that  77  —>  0  (consistently  with  Eq.  (A. 24a));  while  in  the  limit  of 
very  rapid  loading  (k  — >  °o),  or  vanishing  friction  (t— >  0),  Eq.  (A. 24b)  leads  to  77  — >  1, 
i.e.,  the  front  reverts  to  propagating  at  the  bar  wave  velocity. 

Equations  (A. 23)  and  (A.24d)  allow  the  dynamic  load  point  displacement  to  be  related 
very  simply  to  the  displacement  expected  for  static  loading  to  the  same  instantaneous 
applied  load: 
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(A. 25) 


The  same  characteristic  time,  identifies  cases  where  dynamic  effects  are  important  in 
both  the  step  and  linear  loading  cases. 

The  Static  Problem 

Under  static  loading  to  stress  Oq  =  E{£q,  force  equilibrium  leads  to  a  linear  stress  gradient 
along  the  fibre 


=  <Tn 


2  n 
(70R 


(A. 26) 


so  that  the  slip  length,  where  cr^st)=  0,  is  given  by 


/r(st)  = 


EfR 

~2r' 


(A. 27) 


The  load  point  displacement  can  be  found  by  integrating  the  strain  along  the  fibre  and  is 
given  by 


(st)  _  EfR  „2 
u0  ~  A  t0 
4  T 


(A. 28) 


The  total  work  done  by  the  load  in  the  static  problem  is  given  by 
W/St)  =jfxR2<jdu 


xE2e2)R3' 


6  r 


(A.29) 


where  here  u  and  <j denote  the  displacement  and  stress  at  z  =  0  during  loading. 
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Appendix  B.  The  Wedge-Loaded  DCB  Specimen  with  Large  Scale  Bridging. 

In  a  specimen  in  which  shear  deformation  may  be  neglected  (material  anisotropy  not  too 
large)  and  in  which  a  linear  bridging  law,  p  =/3iu,  acts  on  the  bridged  part  of  the  crack 
(Fig.  7),  analytical  expressions  can  be  found  for  the  characteristics  of  crack  propagation 
(Massabo  and  Cox,  2000).  The  crack  displacement  profile  is  given  by 

u  =  ebx  (cj  cos  bx  +  c2  sin  bx)  +  e~bx  (c3  cos  bx  +  c4  sin  bx )  (B .  1 ) 


where 


b  = 


th  A 
4£.;v 


(B.2) 


and  7d  =  h3/ 12,  Ex  =  EJ(  1  -  uyx vxy),  and  Ex  and  vyK  and  vxy  are  Young’s  modulus  and 
Poisson’s  ratios  for  the  laminate,  respectively.  The  constants  a  are  determined  by 
boundary  conditions.  At  the  crack  tip,  u  =  0  and  the  bending  rotation  (j>  -  -  du/dx  =  0 
(shear  deformation  neglected);  while  at  the  notch  root,  x  =  0,  one  can  write  generally  that 

/V  A 

u  =  u0  and  (/)  =  (/){)■  Observing  that  the  bending  moment,  M  =  Mix  =  0),  and  shear  force, 
Q  =  Q(x  =  0),  at  x  =  0  are  related  by 


M_  _  _PJL 

~5~  ~p 


(B.3) 


where  P  is  the  load  applied  by  the  wedge  and,  for  a  beam  with  negligible  shear 
deformation,  Q  =  -(Ex'Id)d3u/dx3  and  M  =  -(£x7d)d2«/dv'2,  one  finds  by  solving  for  the 
coefficients  c\  in  (B.l)  that 


-bu()[e^  +  \  +  2lb(e^  -\) 
e~n  —  l  +  lb  e~n  + 1) 


and  thence 


M  =  -2 u0 


lb3E'xId(e~*  + 1) 
e~*  -l  +  lb(e~*  +l) 


(B.4) 


(B.5) 


If  the  loading  aim  length,  /,  is  not  short,  then  the  deflection  at  the  point  of  contact  with 
the  flying  wedge,  5,  will  be  much  greater  than  uq  and  therefore  8  can  be  estimated  as  the 
deflection  expected  for  a  cantilever  beam  with  built-in  end  condition  at  x  =  0: 
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u0l  b 


In  the  limit  that  lb  is  large, 


(B.6) 


(B.7) 


(B.8) 
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Figure  Captions 

1.  (a)  Schematic  of  a  crack  bridged  by  fibres,  showing  process  zone  where  relative 
displacement  exists  between  fibres  and  matrix,  (b)  Idealisation  of  the  bridged 
crack  problem  with  process  zone  replaced  by  surface  tractions  acting  on  the 
fracture  surfaces. 

2.  Schematic  of  the  dynamic  pullout  problem  in  a  representative  volume  near  the 
fracture  plane. 

3.  The  product  2a(5ri ,  which  indicates  the  relative  importance  of  inertial  effects  in  the 
bridging  phenomenon,  (a)  Numerical  results  for  representative  values  of  j3.  (b) 
Numerical  results  for  2  a  fit]  compared  with  asymptotic  limit  for  large  Em  (dashed 
curves).  The  value  of  (cc(3)\  is  marked  for  ft  =  0.01  and  is  to  be  compared  with  the 
value  of  aft  at  which  2  a  fit)  ~  0.9,  which  is  taken  as  a  representative  cutoff  for 
significant  inertial  effects. 

4.  Fibre  pullout  from  a  rigid  matrix. 

5.  The  ratio  of  dynamic  and  static  load  point  displacements  for  a  fibre  pulled  out  of  a 
rigid  matrix  by  a  load  that  rises  linearly  with  time. 

6.  A  matrix  crack  propagating  in  the  ACK  limit. 

7.  A  double  cantilever  beam  specimen  loaded  by  a  flying  wedge. 

A.l  The  distribution  of  energy  as  a  function  of  time  for  a  fibre  pulled  out  of  a  rigid 
matrix  by  a  step  load. 
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1.  Introduction 


This  note  presents  explicit  relations  between  the  dynamic  crack  energy  release  rate 
and  crack  tip  stress  intensity  factors  in  a  form  most  amenable  to  computational  work  for  a 
crack  propagating  along  any  principal  axis  in  an  orthotropic  material.  The  results 
presented  in  this  form  may  be  particularly  useful  for  work  on  delamination  cracks  in 
laminated  composites,  which  are  orthotropic  in  many  important  applications. 

Prior  work  in  the  literature  that  treats  the  problem  of  interest  here  include  the  analysis 
of  a  mode  I  crack  in  an  orthotropic  medium  by  Piva  and  Viola  (1988);  and  the  analysis  of 
a  mixed  mode  crack  in  a  transversely  isotropic  medium  by  Wu  (1989).  Yang  and  co¬ 
workers  (1991)  presented  results  for  a  mixed  mode  crack  in  an  ortho  tropic  material,  but 
in  a  form  that  is  not  best  suited  for  immediate  computation.  By  an  adaptation  of  the  Stroh 
method  of  analysis  used  by  Wu,  the  results  of  Yang  et  al.  are  rendered  here  in  a  different 
form  better  suited  to  numerical  evaluation.  The  role  of  orthotropic  anisotropy  in 
detennining  the  velocity  dependence  of  G’<|  is  then  illustrated  for  delamination  cracks  in 
typical  ceramic,  metal  and  polymer  matrix  laminated  composites. 


2.  Results 

The  relation  between  the  energy  release  rate  and  the  crack  tip  stress  intensity  factor  is 
central  to  fracture  analysis.  It  appears,  for  example,  in  the  derivation  of  stress  intensity 
factors  from  applications  of  the  /-integral  and  in  the  derivation  via  energy  arguments  of 
integral  equations  for  bridged  cracks  from  weight  functions.  Details  of  the  latter  for 
dynamic  cracks  with  large  scale  bridging  in  the  crack  wake  will  appear  elsewhere. 

Freund  (1972)  showed  that  the  dynamic  crack  energy  release  rate  for  an  extending 
crack  in  an  elastic  body  can  be  written  as  the  modified  J-integral,  which  leads  to  the  G-k 
relationship  in  the  following,  convenient  fonn: 

Gj  =  tkD(t)TL-‘k(t)  (1) 

where  Gd  is  the  dynamic  crack  energy  release  rate  and  k(t)  is  the  instantaneous  crack  tip 
stress  intensity  factors  (see  Eq.  4.19  in  Wu  and  references  therein).  The  elements  of  the 


L'1  matrix  are  universal  functions,  in  the  sense  that  they  are  independent  of  the  details  of 
the  applied  loading  or  on  the  configuration  of  the  body  being  analyzed.  We  present 
results  for  the  L'1  matrix  when  the  material  possesses  orthotropic  symmetry  and  when  the 
crack  is  extending  along  one  of  the  principal  axis.  In  this  case,  the  off-diagonal  elements 
of  the  matrix  are  zero  and  the  diagonal  elements  of  the  L'1  matrix  is  just  dependent  on  the 
elastic  properties  of  the  orthotropic  medium  and  the  instantaneous  value  of  the  crack  tip 
velocity.  For  an  orthotropic  material  with  the  crack  propagating  along  the  1  direction  (and 
direction  3  being  the  plane  strain  direction),  elements  of  the  L'1  matrix  are: 
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where  the  y’s  are 
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where  Cj,  are  coefficients  of  the  stiffness  matrix,  p  is  the  density  of  the  medium  and  v  is 
the  instantaneous  velocity  of  the  crack  tip.  The  expressions  for  ft  arc: 
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where 


r\  =  CnC22  - C2  - 2C12C66  - (C22  +  C66)pv2 

and 

ri  =4C22C66(Cn  ~pv2)(C66  -pv2)  . 


The  L  3  3  matrix  elemenet  is 
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We  can  also  define  the  generalized  Rayleigh  wave  function  R(v)  as 


R(v)  =  ri-r3r5 


(5) 


(6) 


and  the  Rayleigh  wave  speed  (vr)  is  obtained  by  setting  R(vr)  =  0. 

In  the  next  section,  the  diagonal  elements  L_1u  and  lT2  are  plotted  numerically  for 
cracks  propagating  along  different  principal  axes  in  various  representative  composites. 
The  L'1  matrix  elements  are  functions  of  the  elastic  properties  and  the  instantaneous  crack 
velocity.  Each  diagonal  element  approaches  the  corresponding  static  value  as  v  — >  0  and 
has  the  property  of  0[(vr  —  v)_1  ]  as  v  — >  vr ,  where  vr  is  the  Rayleigh  wave  speed. 


3.  Discussion 

In  this  section,  we  will  present  results  for  the  the  mode  I  and  mode  II  contributions  to 
the  crack  energy  release  rate,  as  represented  by  the  L  1,1  and  L  2,2  matrix  elements,  for 
various  representative  composites  that  possess  orthotropic  symmetry  and  where  the  crack 
is  extending  along  one  of  the  principal  axis.  These  results  are  presented  graphically  as  a 
function  of  the  orthotropy  parameters  and  the  instantaneous  crack  tip  velocity.  The  mode 
III  contribution  to  the  crack  energy  release  rate  is  a  simple  expression  (see  Eq.  5)  and 
hence  will  not  be  examined  further. 


In  the  results  presented  below,  the  orientation  is  such  that  the  principal  axes  of 
orthotropic  symmetry  are  aligned  with  the  coordinate  axis,  the  crack  lies  in  the  1-3  plane 
and  the  crack  is  propagating  along  the  1  direction  (with  direction  3  being  the  plane  strain 
direction).  Table  I  shows  the  stiffness  tensor  for  various  representative  composites,  the 
corresponding  orthotropy  paramaters  and  the  Rayleigh  velocity  (vr)  normalized  by  the 
shear  wave  velocity  (vs).  Also  examined  in  Table  I  are  cases  where  the  crack  is  running 
along  the  different  principal  directions  of  orthotropic  symmetry.  The  orthotropy 
parameters  X  and  p  as  presented  by  Suo,  et  al.  (1991)  are: 

jj  bn  +  b66 
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and  where  Sy  are  the  elements  of  the  compliance  tensor. 

Figure  1  shows  the  variation  of  the  nonnalized  L"‘u  /  [L"11>1]static  ,  where  [L1  i.i]static 
is  the  value  of  L"'u  when  v  — »  0  ,  as  a  function  of  the  normalized  crack  velocity  v/vr  , 
where  vr  is  the  Rayleigh  wave  speed.  This  variation  is  shown  for  the  different  cases 
listed  in  Table  I.  However,  it  is  clear  from  the  figure  that  the  variation  in  the  crack 
energy  release  rate  can  be  rationalized  in  terms  of  the  orthotropy  parameters  X  and  p.  For 
the  same  normalized  crack  speed,  the  nonnalized  mode  I  contribution  (L_1u/  [L'Ii>1]static)  to 
the  dynamic  crack  energy  release  rate  increases  as  X  monotonically  increases  and  as 
p  monotonically  decreases. 


Figure  2  similarly  shows  the  variation  of  the  normalized  l\2  /  [L'kJ  static  ,  where 
[L-'2, 2]static  is  the  value  of  L"'2.2  when  v  — »  0  ,  as  a  function  of  the  normalized  crack  velocity 
v/vr,  where  vr  is  the  Rayleigh  wave  speed.  This  variation  is  shown  for  the  different  cases 
listed  in  Table  I.  As  in  the  mode  I  case,  the  variation  in  the  crack  energy  release  rate  can 
be  rationalized  in  terms  of  the  orthotropy  parameters  X  and  p.  For  the  same  normalized 
crack  speed,  the  nonnalized  mode  II  contribution  (L"'2,2  /  [L"^] static)  to  the  dynamic  crack 
energy  release  rate  increases  as  X  increases  and  as  p  decreases.  However,  as  opposed  to 
the  mode  I  case,  the  variation  on  X  and  p  is  much  smaller.  In  addition,  we  observe  that 


although  the  energy  release  rate  shows  a  monotonic  dependence  on  X,  the  dependence  on 
p,  for  small  p,  is  not  monotonic. 


4.  Conclusions 

An  analytical  form  for  easy  estimation  of  the  dynamic  crack  energy  release  rate,  in 
tenns  of  the  crack  tip  stress  intensity  factors,  has  been  presented  for  cracks  propagating 
along  any  of  the  principal  axis  in  ortho  tropic  material  systems.  The  dynamic  crack  energy 
release  rate  depends  on  the  magnitude  of  the  two  orthotropic  parameters  and  the 
instantaneous  crack  tip  velocity.  The  dynamic  crack  energy  release  rate 
is  0[(vr  -  v)”1]  as  v  — >  vr ,  and  where  vr  is  the  Rayleigh  wave  speed.  The  variation  in 

the  dynamic  crack  energy  relase  rate  for  orthotropic  materials  can  be  rationalized  in  tenns 
of  the  two  orthotropy  parameters  X  and  p. 
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Figure  Caption 


Figure  1:  The  variation  of  L" 1 1 j  (Fig. la)  and  L'2,2  (Fig. lb)  nonnalized  by  their 
corresponding  static  values  as  a  function  of  the  crack  tip  velocity,  nonnalized  by  the 
Rayleigh  wave  velocity,  is  shown  for  different  values  of  A,  and  p. 
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Figure  1;  The  variation  of  L"1  u  nonnalized  by  the  corresponding  static  value  as  a 
function  of  the  crack  tip  velocity,  normalized  by  the  Rayleigh  wave  velocity,  is  shown 
for  different  values  of  X  and  p. 
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Figure  2:  The  variation  of  L_12,2  nonnalized  by  the  corresponding  static  value  as  a 
function  of  the  crack  tip  velocity,  normalized  by  the  Rayleigh  wave  velocity,  is  shown 
for  different  values  of  X  and  p. 
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Abstract 


Inertial  effects  in  the  mechanism  of  fibre  pullout  (or  push-in)  are  examined,  with 
emphasis  on  how  the  rate  of  propagation  of  stress  waves  along  the  fibre,  and  thence  the 
pullout  dynamics,  are  governed  by  friction  and  the  propagation  of  companion  waves 
excited  in  the  matrix.  Basic  experiments  have  already  been  perfomed  and  the  key  strain 
field  and  velocity  data  successfully  recorded.  Dynamic  photoelasticity  was  used  to  reveal 
the  nature  of  the  stress  fields  associated  with  the  dynamic  sliding  process.  A  fundamental 
model  has  been  proposed  and  numerically  solved  to  gain  a  good  understanding  of  the 
friction  mediated  push-in  process. 
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1.0  INTRODUCTION 


The  mechanics  of  pullout  have  been  much  studied  and  are  well  understood  for  static 
loading.  Simple  analytical  forms  are  available  for  p{8),  the  relationship  between  the 
pullout  load ,p,  and  the  displacement,  8,  of  the  fibre’s  end,  when  the  frictional  coupling  of 
the  reinforcement  to  the  matrix  is  uniform  and  slip  extends  over  distances  that  are  large 
compared  to  the  reinforcement  diameter  (Marshall  et  ah, 1985;  McCartney,  1989; 
Hutchinson  and  Jensen,  1990).  In  this  limit,  which  is  a  common  case  in  ceramic 
composites  and  textile  polymeric  composites,  the  shear  lag  model  of  load  transfer 
between  the  reinforcement  and  the  matrix  is  accurate. 

The  success  of  shear  lag  models  in  matching  numerical  calculations  and  experiments  for 
static  pullout,  given  appropriate  restrictions,  encourages  the  viewpoint  that  similarly 
simple  models  might  reveal  some  key  aspects  of  pullout  under  dynamic  loads.  Prior  work 
on  the  problem  of  a  dynamically  loaded  rod  subject  to  unifonn  friction  has  revealed  some 
interesting  characteristics  of  the  effect  of  friction  on  the  propagation  of  stress  waves 
(Nikitin  and  Tyurekhhodgaev,  1990).  For  end-loading  that  rises  continuously  from  zero, 
the  stress  front  propagates  at  velocities  less  than  the  bar  wave  speed  by  a  factor  that 
depends  on  the  loading  rate.  Only  for  step  loading  does  the  front  propagate  at  the  bar 
wave  speed.  This  strong  effect  of  friction  results  in  significant  stiffening  of  the  response 
of  the  bar,  measured  as  its  end  displacement  for  a  given  load,  relative  to  the  static  loading 
case.  On  the  other  hand,  when  motion  ceases  following  step  loading,  the  net  fibre 
displacement  is  exactly  twice  that  expected  for  static  loading  to  the  same  load  -  in  this 
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case,  dynamic  effects  lead  to  effective  softening  of  the  response  (Nikitin  and 
Tyurekhhodgaev,  1990).  The  front  configuration  and  front  speed  for  this  simple  bar 
problem  can  be  explained  by  considering  energy  conservation  and  kinetic  constraints  at 
the  front. 

When  the  fibres  are  embedded  in  an  elastic  matrix,  the  problem  is  complicated  by  the 
interaction  between  the  stress  waves  in  the  fibre  and  those  excited  in  the  matrix.  The 
front  conditions  must  then  be  expected  to  exhibit  new  characteristics  and  consequently 
the  load-displacement  relationship  for  the  fibre  end  must  be  affected.  The  role  of  the 
matrix  in  dynamic  pullout  is  the  topic  of  this  paper. 

In  a  previous  study  (Cox,  et  al.  2001  and  Sridhar,  et  al.  2001)  a  shear  lag  model  that  was 
directly  analogous  to  that  used  successfully  in  static  pullout  problems  (Hutchinson  and 
Jensen,  1990)  was  extended  to  high  loading  rates  with  loading  boundary  conditions  that 
were  appropriate  to  the  context  of  a  bridged  crack:  the  load  was  specified  as  a  far-field 
condition  within  the  body  of  the  fibre/matrix  system,  rather  than  at  the  fibre  end.  Here 
new  solutions  are  derived  using  a  shear  lag  fonnulation  with  conditions  appropriate  to 
fibre  pullout:  the  load  is  specified  as  a  condition  on  the  fibre  end,  with  the  far-field  being 
stress-free.  This  configuration,  as  well  as  being  interesting  as  a  theoretical  study,  is 
representative  of  laboratory  experiments  that  might  be  used  to  study  frictional  effects 
during  pullout  (Rosakis  and  Owen,  2002).  Some  interesting  new  characteristics  of  stress 
wave  propagation  are  discovered  for  the  particular  case  of  a  load  that  increases  linearly  in 
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time.  The  frictional  pullout  process  is  modeled  by  finite  element  calculations  of  a 
fibre/matrix  system  in  which  friction  is  represented  as  a  cohesive  zone. 


2.  Model  Description 

The  numerical  model  (Figure  1)  was  scaled  to  1/80  of  the  experimental  model  through 
proper  normalization.  The  normalization  procedure  is  given  in  Appendix  1 .  In  addition, 
only  half  of  the  experimental  specimen  was  modeled  owing  to  its  symmetry.  Symmetry 
boundary  conditions  (U3  =  0;  %n  =  0)  were  imposed  along  the  center  of  the  homolite 
piece  and  the  top  surface  of  the  steel  piece.  Infinite  elements  were  used  to  prevent  elastic 
waves  bouncing  back  from  the  right  end. 

Cohesive  zone  model  was  used  to  mimic  the  frictional  interface  between  the  homolite 
and  steel  piece  (need  a  more  detailed  description  of  the  CZM).  Constant  friction  stress 
was  assumed  (despite  the  fact  that  a  linear  zone  has  to  be  introduced  for  the  sake  of 
numerical  stability) 

A  dynamic  loading  history  was  imposed  on  the  left  end  of  the  homolite  piece.  The 
loading  history  is  obtained  from  CalTech’s  experimental  measurement,  which  is  shown  in 
Figure  2.  The  interfacial  frictional  stress  used  was  40  MPa. 
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Figure  1  Numerical  Model 


Loading  history:  Loading  rate  =31.5  MPa/|us,  rising  time  6.0  |us,  total  time 
18.0  |us. 
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3. 


Results 


3.1  Characteristic  Zones 

Figure  3  show  the  contour  plots  of  (ara2)  and  t12  in  the  homolite  at  an  instant  of  t  = 
9.822  ps.  It  is  seen  that  there  are  three  distinct  zones  associated  with  the  wave 
propagation  in  the  homolite.  To  the  right  most  is  the  so-called  head  wave  zone.  This  is 
the  stick  zone  characterized  by  shear  lag  analysis,  where  the  interface  friction  stress  has 
an  opposite  sense  compared  to  that  in  the  zones  following  it.  In  this  zone,  the  homolite  is 
loaded  by  the  steel  piece  and,  the  wave  front  travels  at  a  speed  larger  than  the  wave  speed 
of  homolite  (C/),  but  smaller  than  that  of  the  steel  (Cm). 

Following  the  head  wave  zone  is  the  linearly  increasing  shear  stress  zone.  In  this  region, 
the  interface  friction  stress  gets  increasingly  large  before  it  reaches  the  constant  value 
given  by  the  cohesive  law.  The  existence  of  this  zone  is  caused  by  the  finite-sloped 
transition  from  negative  to  positive  shear  stress  used  in  the  CZ  model.  However,  zones  of 
this  feature  were  indeed  observed  in  experiments  (Fig  7  in  CalTech’s  report).  The 
interface  friction  stress  causes  the  kinks  in  the  contours  of  (g,-g9)  that  form  in  angled 
bands,  which  is  confirmed  by  experimental  observations. 

Immediately  behind  the  linear  friction  zone  is  the  constant  friction  zone,  which  is 
characterized  by  a  sudden  drop  in  contour  density  in  the  (ara2)  contour  plot.  This  region 
is  characterized  as  “slip  zone”  in  shear-lag  analysis,  where  the  relative  particle  velocity  in 
the  steel  and  homolite  (at  interface)  exceeds  the  critical  value  for  transition  in  CZ  law. 
According  to  shear  lag  analysis,  the  wave  front  of  this  zone  travels  at  a  speed  smaller 
than  C f. 

Behind  the  constant  friction  zone  is  a  zone  associated  with  the  unloading  part  of  the 
loading  history.  The  contour  lines  in  this  region  near  the  interface  are  quite  chaotic, 
which  is  also  seen  in  the  experiments.  This  may  be  related  to  the  local  instabilities  excited 
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by  the  unloading  wave.  Actually,  in  the  numerical  simulation,  alternating  contacting  and 
separation  zones  exist  in  this  region.  Interestingly,  experimentally  obtained  (a,-a9) 
fringes  also  showed  this  chaotic  phenomena. 
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Figure  3  Contour  plots  of  (ara2)  and  x12  in  the  homolite  at  t  =  9.822  ps 


3.2  Stress  profiles  and  wave  velocities 

Figure  4  shows  the  stress  profiles  in  homolite  at  three  different  instants.  Plotted  in  Figure 
4(a)  are  the  axial  stress  profiles  along  the  center  line  of  the  homolite.  The  wave  velocity 
calculated  from  this  plot  is  V  ~  C /  (0.995  C/),  which  agrees  very  well  with  elasto- 
dynamics,  and  also  agrees  well  with  experimental  measurement.  However,  note  that  for 
each  curve,  there  is  a  change  of  slope  at  some  distance  behind  the  wave  front.  The  slope 
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of  these  curves,  according  to  elastodynamics,  is  -  a  0  /  V  (because  an(x)  =  &Jt-x/V))- 
Since  the  velocity  V  is  constant,  it  follows  that  it  is  the  loading  rate  that  is  decreasing 
with  time.  Also  note  that  the  peak  load  that  is  experienced  at  the  centerline  seems  also 
dropping  as  the  wave  propagates.  This  is  attributed  to  the  dissipative  frictional  sliding 
process  along  the  interface. 

Figure  4(b)  shows  the  interface  shear  stress  at  the  three  instants.  The  shear  stress 
increases  near  linearly  until  the  constant  friction  stress  assigned  in  the  CZ  law  is  reached. 
It  shows  an  almost  linearly  increasing  region  followed  by  a  constant  shear  stress  region 
(with  very  small  fluctuations  around  the  assigned  value).  The  wave  velocity  indicated  by 
the  interface  in  curves  is  Vint  =  0.87  C /,  which  is  markedly  smaller  than  the  wave 
velocity  along  the  center  (Shear  lag  prediction  for  this  case  is  0.68  C /  ).  The  constant 
shear  stress  region  is  followed  by  a  region  marked  by  the  high  frequency,  violent 
fluctuations.  This  indicates  that  unloading  wave  begins. 

Figure  4(c)  shows  the  axial  stress  at  interface  as  a  function  of  location.  The  wave  velocity 
is  0.87  Cf,  which  is  consistent  with  that  measured  from  the  interface  shear  stress  wave. 
However,  there  is  a  region  immediately  after  the  wave  front  where  the  loading  rate  is 
very  small,  marked  by  the  very  small  slope. 

The  high-frequency  oscillation  associated  with  the  unloading  wave  seems  not  related  to 
numerically-induced  oscillations  like  the  Gibbs  phenomenon,  because  the  oscillation  only 
happens  at  interface  (Fig.  4b  &  c),  while  the  axial  stress  measured  at  the  center  line  of 
homolite  is  very  smooth  (Fig.  4a).  This  may  be  explained  by  some  sort  of  local  instability 
mechanism. 

Since  the  stress  waves  at  interface  propagate  at  a  different  velocity  compared  to  the 
waves  travel  along  the  center  of  the  homolite.  There  must  be  some  changing  of 
configurations  of  contour  patterns  as  functions  of  time.  Figure  5  superimpose  the  contour 
plots  on  top  of  the  stress  profile  plots  so  that  any  change  in  contour  configuration  can  be 
directly  related  to  the  stress  profiles.  Compare  the  zone  configurations  of  the  two  time 
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instants,  it  is  clear  that  the  contour  lines  in  the  linearly  increasing  friction  zone  are 
scattering  at  larger  time.  This  is  because  the  wave  velocity  of  stick  zone  is  larger  than 
that  of  the  stick  zone.  The  scattering  of  (ara2)  fringes  in  experiments  was  also  seen. 
Another  zone  change  is  the  shrinkage  of  the  constant  friction  stress  zone.  This  indicates 
that  the  unloading  waves  are  faster  than  the  interface  loading  wave  in  this  zone. 


(a) 


(b) 


Figure  4  Stress  profiles  in  homolite  at  three  different  instant,  (a)  axial  stress 
(an)  along  the  center  line  of  homolite;  (b)  shear  stress  (xn)  along  the  interface. 
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Figure  5  Contour  plots  imposed  on  top  of  stress  profiles  for  two  different  time 
instants,  t  =  6.176  ps,  and  t  =  12.52  ps. 


3.3  Issues  about  Identifying  Slip  Zone  Experimentally 

In  CalTech’s  experiments,  the  slip  zone  was  detennined  by  finding  abrupt  slope  changes 
of  (ara2)  along  the  interface  (Figure  9  of  CalTech  report).  The  value  of  (a,-a2)  in  the 
sliding  zone,  (cTj-ayhuHing  ,  may  have  some  indication  for  evaluating  the  interface  friction 
stress.  Because 

CTi  -0-2  =  Vc^ll  -Vll)2  +4C2  • 
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Further,  the  experiments  showed  that  the  (o , -cr2)siiding  measured  is  a  decreasing  function 
of  lateral  confinement  stress.  This  is  somewhat  counter  intuitive  because  usually  the 
larger  the  lateral  confinement  level  leads  to  larger  friction  stress  at  interface.  Therefore,  it 
is  worthwhile  to  investigate  further  the  stress  state  at  interface.  Figure  6  gives  the  stress 
components  along  the  interface  for  two  levels  of  interfacial  friction  stresses,  rs  =  20  MPa 

(Fig.  6a)  and  40  MPa  (Fig.  6b).  Values  of  (a1-a2calculated  from  the  three  stress 
components  are  superimposed  on  the  figures.  It  is  very  clear  that  there  is  a  distinct  change 
of  slope  in  (ara2at  the  beginning  of  slip  zone  (constant  friction  zone).  The  magnitude  of 
(a,-a2is  approximately  2rv.  However,  the  magnitude  of  (ara2)  continues  to  increase 
after  the  turning  point  -  there  is  no  explicit  relation  between  of  (a,-a2)  and  ts  beyond  the 
turning  point. 

Note  that  in  Figure  6  the  lateral  confinement  is  not  included,  that  is,  the  stress  component 
g29  is  purely  from  the  dynamic  loading  process.  However,  the  lateral  confinement  stress 
can  be  added  in  Eqn  (1)  to  reveal  how  it  would  affect  the  (o1-<j2).  Figure  7  gives  the 
results  of  different  lateral  confinement  levels,  0.5  MPa,  50.0  MPa,  100.0  MPa  and  150.0 
MPa.  It  is  seen  that  (g,-g9)  at  turning  point  decreases  with  the  increase  of  lateral 
confinement  stress.  This  may  be  used  to  explain  the  experimental  observation  (Figure  10 
in  CalTech’s  report) 
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Figure  6 
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Figure.  7  Influence  of  lateral  confinement  pressure  on  (aj-a2) 
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Appendix  A 


Note  for  Normalization: 
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Experimentally  used  normalized  numbers 
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The  numerical  model  was  scaled  to  1/80  (in  size)  of  the  experimental  model.  The 
equivalence  of  the  numerical  model  and  experimental  model  was  guaranteed  by 
enforcing  the  dimensionless  groups  in  the  numerical  model  to  be  identical  with  the 
corresponding  experimental  values.  There  are  multiple  ways  to  achieve  this.  The  one 
used  in  this  study  is 
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ABSTRACT 

The  field  of  dynamic  fracture  has  been  enlivened  over  the  last  five  years  or  so  by  a  series 
of  remarkable  accomplishments  in  different  fields  -  earthquake  science,  atomistic 
(classical  and  quantum)  simulations,  novel  laboratory  experiments,  materials  modeling, 
and  continuum  mechanics.  Important  concepts  have  been  discovered  for  the  first  time  or 
elaborated  in  new  ways  to  reveal  wider  significance.  Here  the  literature  of  this  progress 
is  summarized. 

Much  of  the  value  of  the  new  work  resides  in  the  new  questions  it  has  raised,  which 
suggest  profitable  areas  for  research  in  the  next  few  years  and  beyond.  From  the 
viewpoint  of  fundamental  science,  excitement  is  greatest  in  the  struggle  to  probe  the 
character  of  dynamic  fracture  at  the  atomic  scale,  using  Newtonian  or  quantum 
mechanics  as  appropriate  (a  qualifier  to  be  debated!).  But  lively  interest  is  also  directed 
towards  modeling  and  experimentation  at  macroscales,  all  the  way  up  to  the  geological, 
where  the  science  of  fracture  is  pulled  at  once  by  fundamental  issues,  such  as  the  curious 
effects  of  friction,  and  engineering  challenges  in  applications,  where  dynamic  effects  are 
essential  to  proper  design  or  certification  or  manufacture. 
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INTRODUCTION 

At  some  scale,  all  fracture  is  dynamic.  Our  common  experience  in  the  macroscopic 
world  may  lead  to  the  generalization  that  the  dynamic  nature  of  fracture  is  manifest  only 
when  the  inertia  of  relatively  large  pieces  of  material  is  large  enough  that  the  correct 
balancing  of  the  energy  of  fracture  requires  including  kinetic  energy.  Equivalently,  we 
may  say  that  dynamic  (inertial)  effects  are  important  when  the  propagation  of  stress 
waves  through  the  material  is  not  very  fast  relative  to  the  rate  of  advance  of  the  crack  tip. 
But  even  when  these  conditions  for  dynamic  effects  at  the  macroscopic  scale  are  not  met, 
still  at  the  atomic  scale,  the  most  fundamental  for  understanding  crack  propagation,  the 
inertia  of  individual  atoms  must  be  accounted  for  in  depicting  their  separation  from  one 
another,  even  when  the  crack  at  the  macroscopic  scale  appears  to  be  advancing  quasi- 
statically.  Bond  rupture  (at  least  at  temperatures  above  absolute  zero!)  is  a  dynamic 
process.  The  inertia  of  the  atoms  involved  enters  the  problem.  The  dynamic  fracture 
problem  is  the  most  fundamental  in  the  science  of  fracture. 

The  dynamic  fracture  literature  has  been  sustained  in  a  wide  number  of  journals  by 
several  distinct  scientific  communities,  who  have  been  focused  on  different  objectives. 
The  communities  have  been  divided  partly  by  the  scale  of  the  systems  they  consider, 
which  ranges  from  single  atoms  to  earthquake  fault  lines,  partly  by  the  phenomena  they 
have  chosen  to  address,  and  partly  by  the  balance  of  their  leanings  towards  curiosity- 
driven  science  or  technology.  Some  cross-referencing  among  the  different  bodies  of 
work  is  found,  but  not  as  much  as  the  inter-relationship  between  the  ideas  being  explored 
would  justify.  Here  progress  is  reviewed  in  sections  that  reflect  the  major  boundaries 
between  the  dynamic  fracture  communities,  because  this  is  a  convenient  categorization, 
but  fixed  points  where  analogous  results  or  concepts  appear  re-scaled  or  otherwise  re¬ 
stated  in  different  sections  are  repeatedly  in  evidence.  A  rich  prospect  would  seem  to 
present  itself  for  transferring  concepts  and  methods  from  one  field  to  another. 

Scientific  progress  has  been  rapid  and  fascinating.  The  technological  relevance  of 
dynamic  fracture  to  structures  and  systems  that  will  sustain  impact  or  ballistic  threats 
remains  very  high.  The  insertion  of  the  new  scientific  and  engineering  concepts  and 
methods  into  engineering  design  is  therefore  a  very  timely  topic  for  new  research. 


1,  Dynamic  Fracture  at  the  Geological  Scale 

Earthquake  modeling  is  concerned  with  dynamic  shear  cracks  under  slow  loading.  A 
stream  of  recent  work  by  Rice  and  his  colleagues  has  led  to  new  understanding  of  the 
complex  phenomoena  of  dynamic  cracking  under  such  conditions.  First,  Ben-Zion  and 
Rice  (Ben-Zion  and  Rice,  1997)  developed  a  dynamic  simulation  scheme  of  dynamic 
shear  cracks  under  slow  loading,  which  was  further  improved  by  Lapusta  and  colleagues 
(Lapusta  et  al.,  2000).  Lapusta  and  Rice  (Lapusta  and  Rice,  2003)  went  on  to  study 
nucleation  of  shear  cracks  and  their  early  dynamic  stages  in  the  context  of  dynamic  shear 
ruptures.  They  established  that  nucleation  processes  of  large  and  small  events  are  very 
similar.  Further,  events  at  different  scales  interact:  the  irregular  initial  dynamic  phases  of 
large  events  are  influenced  by  stress  concentrations  induced  by  initiation  and  arrest  of 
small  events. 
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Self-healing  or  pulse-like  dynamic  shear  ruptures  are  also  being  actively  investigated  in 
the  field.  In  a  pioneering  paper,  Heaton  (Heaton,  1990)  showed  that  some  earthquake 
observations  can  be  explained  if  the  duration  of  the  dynamic  sliding  at  each  point  along 
the  interface  is  short  compared  to  the  overall  time  of  the  dynamic  event.  Since  then  many 
similar  observations  have  been  made.  This  mode  of  rupture  propagation  was  called  self- 
healing  or  pulse-like,  in  contrast  to  the  “crack-like”  mode  in  which  the  duration  of  sliding 
at  a  point  is  comparable  to  the  overall  duration  of  the  dynamic  event.  In  parallel 
theoretical  work,  Zheng  and  Rice  (Zheng  and  Rice,  1998)  demonstrated  conditions  under 
which  crack-like  rupture  modes  are  indeed  replaced  by  pulse-like  modes  at  velocity¬ 
weakening  interfaces.  Adams  (Adams,  1998)  further  demonstrated  that  the  dynamic 
coupling  in  the  frictional  relationship  between  normal  stress  and  shear  displacement 
discontinuity  (slip)  leads  to  pulse-like  slip  on  a  generic  bimaterial  interface.  Andrews 
and  Ben-Zion  (Andrews  and  Ben-Zion,  1997)  were  the  first  to  simulate  a  slip  pulse  on  a 
dissimilar  material  interface  with  a  constant  coefficient  of  friction.  They  observed 
splitting  of  the  pulse  which  was  later  shown,  in  a  fundamental  revelation  concerning  the 
nature  of  friction,  to  be  the  consequence  of  ill-posedness  of  the  problem  when  formulated 
with  constant  friction.  Ranjith  and  Rice  (Ranjith  and  Rice,  2001)  took  up  this  problem 
using  stability  analysis  to  demonstrate  a  wide  range  of  parameters  for  which  the  problem 
of  dynamic  sliding  with  a  constant  coefficient  of  friction  is  ill-posed.  They  proposed  a 
regularization  procedure  based  on  an  experimentally  based  law  in  which  the  shear 
strength  in  response  to  an  abrupt  change  in  normal  stress  evolves  continuously  with  time 
or  slip  toward  the  corresponding  Coulomb  strength.  Cochard  and  Rice  (Cochard  and 
Rice,  2000)  proved  the  validity  of  the  analytical  results  of  Ranjith  and  Rice  by  numerical 
simulations  of  dynamic  slip  on  dissimilar  material  interfaces. 

This  important  line  of  research  has  shown  that  rupture  along  a  bi-material  interface  has 
remarkable  dynamic  properties  that  may  be  relevant  to  many  problems,  over  broad  ranges 
of  scales,  from  geophysics  to  composite  materials.  The  problem  has  the  fascinating 
feature  that  it  starts  in  a  situation  well-posed  as  a  static  continuum  problem  but  evolves 
dynamically  to  a  non-continuum  state  of  slip  pulses.  Recent  papers  on  this  topic  include, 
e.g.,  (Ben-Zion,  2001;  Ben-Zion  and  Huang,  2002;  Ranjith  and  Rice,  2001). 

The  effects  of  non-linear  rheology  that  extends  beyond  the  elastic  regime,  which  create 
some  interesting  and  important  characteristics  in  studies  of  general  dynamic  cracks  (see 
below),  are  also  beginning  to  attract  attention  in  earthquake  studies.  The  work  by 
Huajian  Gao  (Gao,  1996;  Gao,  1997)  on  hyperelasticity  and  Phillipe  Geubelle  on  damage 
covers  some  general  aspects  of  this  broad  topic.  Related  studies  on  the  evolution  of 
earthquakes  and  faults  can  be  found  in  (Lyakhovsky  et  al.,  1997;  Lyakhovsky  et  al., 
2001)  and  (Ben-Zion  and  Lyakhovsky,  2002). 


2,  Dynamic  Fracture  at  the  Atomic  Scale 

A  broad  development  that  many  participants  of  the  workshop  found  particularly  inspiring 
and  at  times  simply  beautiful  is  the  bridge  that  has  grown  between  continuum  and  atomic 
(or  other  discrete)  descriptions  of  dynamic  fracture.  Lectures  that  contributed  to  the 
impression  that  the  bridge  is  real  and  present  include  those  by  Farid  Abraham,  Huajian 
Gao,  Mike  Marder,  David  Kessler,  and  Peter  Gumbsch.  In  his  keynote  lecture,  Farid 
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Abraham  gave  a  condensed  overview  of  how  the  rapid  advance  of  computer  power 
during  the  few  decades  of  his  career  has  revolutionized  the  field.  In  1965,  a  typical 
problem  addressed  by  computational  physicists  consisted  of  about  100  atoms.  By  the  turn 
of  21st  century,  the  system  size  has  reached  1  billion  atoms,  roughly  corresponding  to  a 
cubic  crystal  of  250  nm  in  edge  length.  This  size  is  certainly  in  the  regime  where  a  “hand 
shake”  to  continuum  formulations  becomes  possible.  Abraham  showed  spectacular 
examples  (Abraham  et  al.,  2002)  of  his  1 -billion-atom  simulations  of  work  hardening  and 
supersonic  fracture.  He  predicted  by  2007  that  the  state  of  the  art  will  have  reached  a 
trillion  atoms  and  simulations  on  the  billion-atom  level  will  become  routine.  This  puts 
the  pace  of  development  in  the  field  into  a  nice  perspective. 

Atomistic  studies,  largely  represented  by  molecular  dynamics  simulations,  have  been 
used  significantly  in  the  past  to  provide  fundamental  understanding  of  underlying  basic 
physical  processes  of  dynamic  fracture,  rather  than  being  predictive  or  specific  to  a 
particular  material.  Examples  are  the  method  of  lattice  dynamics  modeling,  which 
originated  with  Leonid  Slepyan  and  is  advocated  by  Mike  Marder  and  David  Kessler 
(Marder  and  Gross,  1995;  Slepyan,  1981);  or  Farid  Abraham’s  studies  of  simple  model 
materials.  While  Abraham  et  al.  (Abraham  et  al,  1994)  opened  up  the  possibility  of 
studying  fracture  through  large-scale  simulations  of  model  materials,  the  question 
remains  (especially  in  the  minds  of  experimentalists!)  of  how  much  applicability  such 
results  have.  This  is  particularly  an  issue  given  the  very  complex  microstructure  on 
different  length  scales  in  real  materials  and  -  in  contrast  -  the  often  very  simple  and  ideal 
microstructure  in  simulations.  More  studies  are  obviously  needed  to  provide  a  more 
seamless  bridge  between  atomistic  approaches  and  continuum  scale  theory  and 
experimentation  (rather  than  “isolated”  results  that  are  possibly  only  valid  in  very  specific 
cases).  This  is  a  challenging  task  given  the  fact  that  fracture  is  a  very  complex  process. 

However,  there  are  some  promising  areas  where  the  atomistic  viewpoint  has  been 
successfully  coupled  to  continuum  scale  theory  or  experiments.  An  example  of  such 
“handshaking”  of  experiment-theory-simulation  is  the  intersonic  fracture  of  mode  II 
cracks,  where  experiments  by  Ares  Rosakis  (Rosakis  et  al.,  1999)  have  stimulated  recent 
MD  simulations  of  Abraham  and  Gao  (Abraham  and  Gao,  2000).  The  MD  simulations 
were  able  to  match  essential  features  of  intersonic  fracture  that  are  observed  in  the 
experiments  and  also  predicted  by  cohesive  modeling  (Needleman,  1999)  and  continuum 
elasticity  (Gao  et  al.,  2001). 

Atomistic  studies  are  often  associated  exclusively  with  molecular  dynamics  simulations. 
During  the  workshop,  Mike  Marder  and  David  Kessler  pointed  out  that  an  alternative 
class  of  analytical  methods  developed  by  Slepyan  (Slepyan,  1981;  Slepyan,  2002),  using 
a  formulation  where  atoms  remain  associated  with  particular  points  on  a  lattice,  can  also 
and  in  much  smaller  computations  reveal  insight  into  atomic-scale  dynamic  fracture.  For 
example,  Marder  and  Gross  (Marder  and  Gross,  1995)  made  use  of  Slepyan’ s  technique 
to  calculate  a  velocity  gap  and  transverse  instability  during  dynamic  crack  propagation. 
Hauch  and  colleagues  (Hauch  et  al.,  1999)  attempted  to  compare  theory  and  experiment 
for  brittle  fracture  without  phenomenological  parameters.  Starting  from  the  atomic  point 
of  view,  Gao  and  colleagues  (Gao  et  al.,  2001)  demonstrated  existence  of  intersonic 
cracks  under  shear  dominated  conditions,  while  Gerde  and  Marder  (Gerde  and  Marder, 
2001)  demonstrated  the  existence  of  self-healing  cracks  under  mixed-mode  conditions. 
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Some  open  questions  regarding  atomistic  modeling  were  raised  during  the  workshop. 
How  predictive  are  atomistic  simulations  of  dynamic  fracture?  How  can  we  develop 
tools  that  model  very  complex  fracture  processes  such  as  the  collapse  of  a  building?  A 
rather  radical  view  articulated  by  Mike  Marder  is  that  atomistic  simulations  could 
eventually  be  developed  into  practical  tools  for  engineers.  One  thing  that  can  be  safely 
said  is  that  atomistic  modeling  will  play  an  increasingly  important  role  in  the  next 
decades  along  with  the  rapid  advance  of  computer  power.  Molecular  dynamics  could 
potentially  be  an  important  part  of  multi-scale  methods  describing  very  complex 
processes.  An  important  issue  is  the  development  of  multiscale  methods  such  as 
continuum  methods  which  incorporate  atomistic  information.  Examples  are  the  VIB 
method  by  Gao,  Klein,  Huang  and  coworkers  (Gao  and  Klein,  1998;  Klein  et  al.,  2001; 
Zhang  et  al.,  2002)  and  the  concurrent  multiscale  methods  where  some  regions  are 
treated  by  finite  elements  while  others  are  treated  by  molecular  dynamics,  such  as  the  At- 
FE  method  (Kohlhoff  et  al,  1991),  quasi-continuum  method  (Shenoy  et  al.,  1998)  and 
the  MAAD  method  (Broughton  et  al.,  1999). 

In  some  cases,  model  potentials  and  classical  molecular  dynamics  fail  to  explain  the 
observed  dynamic  fracture  phenomena  and  quantum  mechanics  modeling  appears  to  be 
required.  The  lecture  by  Peter  Gumbsch  illustrated  this  point  for  cleavage  fracture  in 
silicon.  Perez  and  P  Gumbsch  (Perez  and  Gumbsch,  2000a;  Perez  and  Gumbsch,  2000b) 
showed  that  anisotropy  in  the  preferred  cleavage  direction  in  silicon,  which  is 
experimentally  well  documented,  can  only  be  explained  on  the  basis  of  quantum 
mechanical  (density  functional  theory)  calculations.  Gumbsch  (Gumbsch,  2001) 
discussed  some  general  aspects  of  atomistic  modeling  of  fracture  including  bond 
breaking,  lattice  and  bond  trapping,  and  relevant  energies.  He  emphasized  the 
importance  of  realistic  descriptions  of  the  atomic  interaction  for  the  atomistic  modelling 
of  fracture  processes,  showing  that  the  quantum  mechanical  (DFT)  results  for  the  bond 
breaking  process  in  silicon  and  the  existence  of  directional  anisotropy  can  only  be 
reproduced  with  advanced  tight  binding  methods  (De  Vita  and  Car,  1998)  and  not  with 
simple  potentials  in  a  classical  MD  simulation.  While  the  pseudopotential  approximation 
used  in  the  quantum  calculations,  which  precludes  relaxation  of  core  electron  states,  may 
also  be  questioned  when  atomic  separations  undergo  the  large  changes  characteristic  of 
fracture,  nevertheless  the  warning  is  laid  down:  classical  mechanics  may  be  inherently 
inadequate  for  understanding  the  most  fundamental  aspects  of  fracture. 

Other  experimental  studies  on  single  crystal  silicon  partly  confirm  theoretical  ideas  and 
partly  confute  modelers  by  pointing  out  further  complexity.  Thus,  addressing  the 
existence  of  a  velocity  gap  in  silicon,  Sherman  et  al.  (Sherman  and  Be'ery,  2003)  recently 
produced  evidence  of  cracks  propagating  at  very  low  velocities  under  controlled 
conditions  in  silicon.  However,  further  work  from  the  same  group  discovered  new 
mechanisms  for  the  deflection  of  a  crack  from  one  cleavage  system  to  another  as  a 
function  of  crack  velocity  and  crystallographic  orientation  (Sherman  and  Be'ery,  2003). 
Shilo  and  colleagues  demonstrated,  both  experimentally  and  by  modeling,  the  potentially 
important  interaction  of  a  crack  in  silicon  with  microstructural  defects  (dislocations)  and 
ramifications  for  the  stability  of  the  crack- front  (Shilo  et  al.,  2002). 

A  method  that  aims  between  the  quantum  and  classical  formulations  has  been  suggested 
by  De  Vita  and  Car  (De  Vita  and  Car,  1998),  who  developed  a  new  method  of 
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dynamically  fitting  empirical  potentials  in  the  region  of  interest  to  forces  calculated  from 
quantum  methods.  The  computational  approach  includes  refitting  the  forces  after  a  short 
time  interval  to  guarantee  accurate  match  with  the  ab  initio  forces  at  particular  epochs. 

Further  work  from  the  group  of  Peter  Gumbsch  (Rudhart  et  al.,  2003)  addressed  dynamic 
fracture  in  quasi-crystals,  a  class  of  materials  structurally  between  glass  and  crystal,  and 
found  distinct  changes  in  fracture  mode  with  temperature.  The  fracture  modes  in  quasi¬ 
crystals  include  brittle  fracture,  brittle  fracture  following  "virtual"  dislocation  emission 
and  at  high  temperature,  glass-like  breaking  of  bonds  in  front  of  the  actual  crack  tip,  and 
crack  growth  by  linking  of  these  microcracks. 


3.  Dynamic  Fracture  at  the  Macroscopic  Scale 

Fracture  Roughness,  Crack  Front  Waves,  and  Dissipation  Mechanisms 

Measurements  and  modeling  of  fracture  surface  roughness  in  materials  of  different  type, 
including  ductile  alloys  and  brittle  glasses,  and  under  dynamic  and  static  loading,  has  led 
to  new  insight  into  the  conditions  for  crack  propagation.  First,  remarkably  similar  self- 
affine  fracture  surface  morphology  has  been  observed  in  fatigue  fractures  in  metals  and 
stress  corrosion  cracks  in  glasses  (Daguier  et  al.,  1997),  a  result  that  has  stimulated  a 
search  for  mechanisms  that  could  be  universal  to  such  disparate  cases.  A  further  clue  on 
the  trail  came  from  molecular  dynamics  simulations,  which  showed  that  similar 
morphology  can  also  arise  in  the  fracture  of  glass  in  the  dynamic  regime  (Nakano  et  al., 
1995).  Other  simulations  revealed  that  a  dynamic  crack  in  amorphous  glass  propagates 
by  the  nucleation  and  coalescence  of  cavities,  much  as  a  crack  in  a  ductile  metal  (Celarie 
et  al.,  2003;  van  Brutzel  et  al.,  2002).  Thus  apparently  similar  roughness  is  found  in 
static,  stress  corrosion,  and  dynamic  cases;  and  theory  hints  at  universality  among  very 
different  material  classes.  A  separate  and  rather  provocative  theoretical  study  has  further 
suggested  that  only  dynamic  conditions  near  the  crack  tip  can  account  for  the  roughness; 
dynamic  stress  transfer  affects  the  crack  tip  conditions  significantly  even  in  cracks  that 
are  propagating  quasi-statically  from  the  macroscopic  view  (Ramanathan  et  al.,  1997). 

Simultaneously  with  these  developments,  basic  mathematical  tools  were  developed  by 
Willis  and  colleagues  for  analyzing  in-plane  and  out-of-plane  perturbations  of  a 
propagating  crack  front  and  dynamic  stress  transfer  during  crack  propagation  (Willis  and 
Movchan,  1995;  Willis  and  Movchan,  1997).  These  techniques  have  found  immediate 
application  in  understanding  various  features  of  earthquake  rupture  and  they  have  been 
used,  in  particular,  to  study  crack  front  waves  for  generic  dynamic  cracks  (Morrissey  and 
Rice,  1998;  Ramanathan  and  Fisher,  1997).  In  the  latter  works,  a  localised  perturbation 
of  a  propagating  crack  front  has  been  shown  to  be  able  to  propagate  without  decay  along 
the  crack  front,  resulting  in  a  new  kind  of  wave,  called  a  crack  front  wave,  which  is  a 
distinct  mode  from  the  classical  longitudinal,  shear,  and  Rayleigh  wave  modes.  The 
association  was  then  suggested,  that  crack  front  waves  may  be  responsible  for  the  small- 
scale,  self-affine  fracture  surface  roughness  found  experimentally  and  in  simulations  for 
so  many  different  materials  in  both  dynamic  and  (macroscopically)  static  loading 
(Bouchaud  et  al.,  2002). 
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Attempts  have  been  made  at  direct  experimental  verification  of  crack  front  waves,  but  the 
outcome  remains  subject  to  some  controversy.  Fineberg  and  co-workers  reported 
observations  of  solitary  waves,  which  they  inferred  to  be  crack  front  waves  (Sharon  et  al., 
2001).  However,  K.  Ravi-Chandar  has  claimed  contrary  experimental  evidence,  which 
seems  to  indicate  that  the  solitary  waves  observed  in  the  experiments  of  Fineberg  may  be 
due  to  an  interaction  between  shear  waves  and  the  propagating  crack  front.  More 
experiments,  and  perhaps  large-scale  molecular  dynamics  simulations,  are  obviously 
needed  to  settle  this  fundamental  point. 

Fracture  surface  roughness  may  also  be  the  result  of  microcracking,  which  is  an 
important  dissipation  mechanism  for  a  broad  class  of  materials  (Ravi-Chandar  and  Yang, 
1997;  Sharon  et  al.,  1996;  Washabaugh  and  Knauss,  1994).  Microcracks  can  roughen 
cracks  by  acting  as  nuclei  for  macroscopic  crack  branching;  and  they  can  lead  by  this  and 
by  other  mechanisms  to  shielding  and  amplification  effects.  When  numerous 
microcracks  appear  as  a  cloud,  they  reduce  the  effective  stiffness  of  the  material 
surrounding  the  macroscopic  crack  tip  so  that  the  effective  wave  speed  and  therefore  the 
crack  speed  through  the  damaged  material  are  reduced  (Gao,  1996)  and  the  macroscopic 
fracture  toughness  increases.  Early  studies  of  the  effect  of  diffuse  microcracks  used 
spatial  averaging  to  develop  a  phenomenological  cohesive  law  that  reduced  the  nonlinear 
material  to  a  narrow  band  or  line  of  displacement  discontinuity.  The  evolution  of  the 
damage  zone  was  modeled  ( Dietmar ,  is  this  correct?  If  not,  what  di  you  mean  by 
“cohesive  laws”?)  Smearing  out  discrete  microcracking  by  purely  phenomenological 
cohesive  laws,  the  evolution  of  such  a  damaged  process  zone  during  dynamic  cracking 

was  studied  by  Yang  and  Ravi  Chandar  (Yang  and  Ravi-Chandar,  1996)  and  Johnson 
(Johnson,  1992).  More  advanced  studies  by  Gross  and  colleagues  represent  the 
microcracks  individually,  using  a  time  domain  boundary  element  method,  which  is 
particularly  efficient  for  multiple  crack  problems  in  homogeneous  materials  (i.e.,  when 
heterogeneous  elasticity  is  unimportant  is  this  a  correct  restriction?).  Crack  closure 
effects  have  been  taken  into  account  and  crack  branching  and  the  interaction  between 
macro  and  microcracks  during  crack  growth  have  been  investigated  in  detail  (Rafiee  et 
al.,  2003;  Rafiee  et  al.,  2004;  Seelig  and  Gross,  1997;  Seelig  and  Gross,  1999).  These 
studies  show  that  microcracking  can  explain  the  increase  of  fracture  toughness  with  crack 
velocity  and  also  predict  an  upper  bound  for  the  crack  velocity  please  correct  this  - 1  was 
looking  for  something  more  explicit  (without  actually  reading  the  papers!),  which  lies  far 
below  the  Rayleigh  wave  speed.  These  results  agree  well  with  theoretical  and 
experimental  findings  of  other  authors  (Hawong  and  Kobayashi,  1987;  Ramulu  and 
Kobayashi,  1985;  Shukla  et  al.,  1990).  Since  boundary  element  methods  facilitate  the 
analysis  of  arbitrary  crack  paths  and  the  formation  of  microcracks,  crack  branching,  crack 
closure  and  friction,  they  are  being  adopted  and  further  developed  as  an  appropriate  tool 
for  other  macroscopic  problems,  like  including  problems  at  the  geophysical  scale 
(Fedelinsky  and  M.H.  Aliabadi,  1997;  Tada  and  Yamashita,  1997). 


Question:  I  am  not  sure  whether  the  problems  of  dynamically  loaded  stationary  cracks  in 
layered  materials  and  in  piezoelectric  materials  should  be  touched.  Furthermore,  what 
about  the  (dynamic)  problem  of  dislocation  emission  from  crack  tips:  explanation  of  rate 
dependence  of  fracture  toughness.  In  these  fields  a  number  of  papers  appeared  during  the 
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past  5  years.  B:  this  is  an  effort  question  of  effort,  among  other  things.  We  can  always 
add  a  statement  that  we  are  focusing  on  the  Ringberg  themes,  which  were  not  exhaustive. 
Otherwise,  would  you  like  to  take  it  on,  Dietmarl? 

Initiation  and  Propagation  Criteria 

The  question  of  the  correct  way  of  stating  the  condition  for  static  crack  propagation  has 
lain  unresolved  at  the  heart  of  static  fracture  mechanics  since  its  inception.  In  many 
engineering  applications,  especially  involving  single  cracks,  conditions  based  on  energy 
release  rate  or  critical  stress  intensity  factors  have  enjoyed  great  practical  value. 
However,  cases  exist  with  quasi-static  loading  where  an  energy  condition  clearly  predicts 
the  wrong  crack  path;  and  cases  are  ubiquitous  where  a  dominant  stress  singularity  is  a 
fundamentally  unrealistic  view  of  crack  tip  conditions.  Now,  from  the  work  on  crack 
front  waves  and  its  possible  dominance  of  fracture  surface  roughness,  it  would  appear 
that  the  ultimate  answer  to  the  quasi-static  fracture  criterion  may  not  be  approachable  by 
calculations  of  static  behaviour  alone  but  may  lie  in  essentially  dynamic  phenomena. 

A  problem  that  may  turn  out  to  be  closely  related  to  crack  front  waves  and  surface 
roughness  is  the  so-called  failure  mode  transition  first  identified  in  experimental  work  by 
Kalthoff  (Kalthoff,  1988).  (Brian,  I  don't  think  this  is  related  so  much  to  the  above 
issues,  but  rather  a  new  type  of  failure  mechanism  that  appears  only  for  mode  II  loading, 
not  for  mode  I,  and  that  is  closely  related  with  thermoplastic  coupling.  I  suspect  this 
effect  is  quite  general  for  materials  that  posess  plastic  deformation  capability  along  with 
some  tendency  to  shear  localization)  Depending  on  the  impact  velocity,  a  shear  loaded 
crack  may  propagate  either  under  local  opening  (mode  I)  conditions,  by  deflecting 
through  a  kink  angle,  or  in  mode  II,  along  its  initial  direction,  by  forming  an  adiabatic 
shear  band.  This  transition,  which  has  been  observed  for  a  variety  of  metallic  alloys 
(Zhuo  et  al.,  1996)  and  commercial  polycarbonate  (Ravi-Chandar,  1995;  Rittel,  1998)  Is 
this  the  correct  paper  of  Dany’s?  implies  velocity  dependence  in  the  failure  criterion. 
One  criterion  proposed  is  a  simple  rate  dependent  critical  mode  II  fracture  toughness 
(Kalthoff,  Ringberg  workshop).  But  one  would  guess  that  the  mode  II  toughness  is  likely 
to  be  affected  by  friction,  which  will  be  affected  by  fracture  surface  roughness;  and  so  a 
possible  connection  to  work  on  crack  front  stability  and  crack  front  waves  is  completed 
(here  I  agree). 

In  an  early,  seminal  work  on  initiation,  using  deeply  notched,  thin  sheets  of  Homalite 
loaded  in  mode  I  by  a  clever  electromagnetic  method,  Ravi-Chandar  and  Knauss  (Ravi- 
Chandar  and  Knauss,  1984)  showed  strong  correlation  between  the  onset  of  crack 
propagation  and  the  crack  tip  stress  intensity  factor.  Thus  for  engineering  applications, 
the  idea  of  a  dynamic  initiation  toughness  arises,  in  analogy  to  the  fracture  toughness 
used  in  quasi-static  fracture,  where  the  critical  toughness  might  be  a  material  constant 
that  could  be  measured  in  a  simple  standard  experiment.  However,  the  definition  of  a 
standard  experiment  to  measure  dynamic  toughness  has  not  been  straightforward.  Rittel 
et  al.  (Rittel  et  al.,  1992)  have  proposed  and  developed  some  simple  methods,  but  a 
crucial  difficulty  arises  in  determining  the  time  of  initiation.  This  issue  relates  to  the 
three-dimensional  nature  of  the  fracture  process:  all  measurements  probe  only  the 
surfaces  of  the  specimen,  so  that  the  moment  of  advance  of  a  submerged  crack  tip,  and 
thus  the  stress  state  at  the  crack  tip  at  the  critical  instant,  is  difficult  to  know.  A  second 
challenge  arises:  while  ample  evidence  shows  that  initiation  toughness  depends  on  the 
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loading  rate,  there  is  no  clear  relationship  between  this  trend  and  material  type,  so  that 
predictive  capability  is  still  limited.  The  resolution  of  this  doubt  must  lie  in  experiments 
that  reveal  fracture  micromechanisms  operating  in  each  specific  material.  Some  recent 
work  indicates  the  power  of  such  evidence  in  understanding  engineering  initiation  data. 
For  example,  commercial  polymethylmethacrylate  (plexiglass)  shows  a  large  increase  in 
initiation  toughness  with  the  loading  rate  (Rittel  and  Maigre,  1996),  which  is  associated 
with  a  marked  increase  of  the  roughness  of  the  fracture  surface  next  to  the  fatigue  pre¬ 
crack  front.  This  suggests  a  transition  in  damage  mechanism  involving  the  possible 
creation  of  multiple  microcracks  under  the  passage  of  the  first  stress  wave,  to  an  extent 
that  depends  on  loading  rate.  Further  supporting  this  idea,  numerous  non-propagating 
microcracks  have  been  found  in  dynamically  loaded  cermets  (porous  ceramic  matrix 
infiltrated  with  a  metallic  binder),  which  are  absent  in  statically  loaded  material  of 
markedly  lower  initiation  toughness  (Rittel  et  al.,  2003).  But  the  details  of  how 
microcracks  interact  with  the  main  crack  in  the  stage  of  damage  development  that  can  be 
identified  with  engineering  initiation  remain  unresolved. 

Cohesive  Element  Modeling  -  Links  to  Atomistics 

Perhaps  the  most  important  development  in  computational  fracture  mechanics  in  the  last 
decade  has  been  the  introduction  and  refinement  of  the  cohesive  element  methods 
(Camacho  and  Ortiz,  1996;  Xu  and  Needleman,  1994).  Cohesive  elements  introduce  the 
possibility  of  tractions  surviving  across  fracture  surfaces  after  the  propagation  of  a  crack 
and,  furthermore,  allow  the  crack  to  follow  any  path  during  a  simulation,  rather  than 
being  confined  to  a  pre-determined  path.  Some  very  appealing  simulations  have  recently 
appeared  of  multiple  crack  development  and  other  complex  fracture  habits,  which  could 
not  be  realized  using  prior  methods  in  which  the  fracture  paths  had  to  be  specified  a  priori 
(Camacho  and  Ortiz,  1996;  Klein  et  al.,  2001;  Xu  and  Needleman,  1994). 

However,  the  newness  of  cohesive  surface  methods  is  evident  in  the  fact  that  some 
intrinsic  difficulties  remain  with  the  original  formulations  (Klein  et  al,  2001).  The 
problems  include  artificial  softening  of  material  properties  as  the  size  of  cohesive 
elements  decreases  and  mesh  dependence  in  the  direction  of  crack  branching  (at  least  at 
the  first  onset  of  a  branch).  Similar  problems  have  been  observed  by  Falk  et  al.  (Falk  et 
al.,  2001).  In  response  to  these  difficulties,  a  new  class  of  finite  element  techniques  with 
dynamic  cohesive  surfaces  has  been  developed,  which  appear  to  relieve  constraints  on  the 
admissible  directions  of  new  fracture  surfaces  (Zi  and  Belytschko,  2003).  The  new 
elements  may  lead  to  significantly  improved  cohesive  method  simulations.  For  some 
applications,  the  material  itself  may  provide  a  length  scale  for  direct  application  of 
cohesive  methods,  such  as  in  the  dynamic  fragmentation  of  a  granular  material  ref  to 
Geubelle  (He  has  no  paper  yet.  Work  in  progress?). 

An  interesting  degree  of  universality  can  be  discerned  in  the  computational  approaches 
that  have  evolved  in  continuum  fracture  modeling  and  the  older  discipline  of  atomistic 
studies.  In  some  aspects,  the  cohesive  surface  modeling  of  dynamic  fracture  can  be 
viewed  as  incorporating  atomic  interactions  along  discrete  surfaces. 

In  the  future,  it  will  be  important  to  establish  a  deeper  interaction  between  experiments 
and  simulations  performed  at  either  the  atomistic  or  continuum  (cohesive  element)  scale. 
It  should  become  an  important  objective  of  simulation  groups  to  move  beyond  idealized 
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potentials,  so  that  they  can  extract  generally  valid  information  from  their  simulations  and 
contribute  to  understanding  specific  issues  in  dynamic  fracture.  Particularly  promising 
areas  in  which  atomistic  and  cohesive  element  simulations  could  play  an  important  role 
include  crack  front  waves,  dynamic  crack  branching,  hyperelasticity,  friction,  and  crack 
initiation. 


4.  Experiments 

In  spite  of  interesting  advances  in  the  realism  of  numerical  simulations,  the  ultimate 
reference  for  newly  suggested  concepts  in  dynamic  fracture  remains,  very  firmly, 
experiments.  The  challenge  of  obtaining  highly  resolved,  detailed  observations  of  cracks 
in  the  dynamic  regime  continues  to  be  among  the  most  severe  in  the  fracture  world 
(perhaps  only  rivaled  by  fracture  experiments  at  very  high  temperatures).  Nevertheless, 
the  dynamic  fracture  community  has  recently  invented  some  noteworthy  and  clever  new 
experiments,  from  which  insight  far  beyond  what  was  accessible  by  experiments  20  years 
ago  is  now  being  derived.  In  these  experiments,  both  materials  and  mechanics  aspects  of 
the  dynamic  fracture  problem  have  been  targeted. 

One  can  broadly  distinguish  two  types  of  studies  in  modem  experiments.  The  first 
concerns  single  crystals  or  amorphous  polymers.  While  they  have  practical  relevance  in 
their  own  right,  e.g.,  cleavage  of  silicon  wafers  (see  below)  and  dynamic  failure  of  plastic 
components,  these  materials,  because  of  the  absence  of  heterogeneous  morphology,  may 
be  considered  model  materials.  The  second  deals  with  more  complex  bodies,  either 
structural  materials  such  as  multi-phase  alloys  and  composites,  or  natural  systems, 
including  biological  materials  and  the  earth’s  crust. 

4.1  Experimental  Methods 

Perhaps  the  most  informative  full-field  experimental  techniques  for  revealing  the  details 
of  interactions  between  stress  waves  and  propagating  cracks  are  based  on  optical 
interference.  While  the  methods  of  caustics  seems  to  be  less  used  nowadays,  optical 
interferometric  techniques,  such  as  dynamic  photoelasticity  and  the  coherent  gradient 
sensor  method  (CGS)  have  gained  increased  popularity  (Rosakis,  1993).  The  latter 
especially  has  been  developed  into  a  powerful  and  convenient  tool  for  recording 
displacement  gradients  and  stress  fields.  In  an  elastic  material,  the  displacement  gradient 
contours  measured  by  CGS  correspond  to  the  stress  difference,  <j\  -  02,  where  (x\,  xf)  are 
the  in-plane  coordinates.  Early  work  used  photographic  film  and  rotating  mirrors,  but 
now  similarly  high  density  information  can  be  recorded  with  film  replaced  by 
programmable  high  speed  digital  cameras,  with  current  systems  yielding  a  total  of  about 
48  frames  at  rates  in  excess  of  2.5  106  per  second,  (e.g.,  (Coker  and  Rosakis,  2001)). 
Brian  this  reference  is  not  specific  to  high  speed  cameras.  So  whe  should  perhaps  omit  it 
for  this  specific  issue.  Dany,  I  did  find  statements  about  rate  of  data  acquisition  in  this 
paper.  Are  there  better  references  to  quote  about  modern  data  speeds?  Please  specify. 

Beyond  imaging  of  displacement  fields,  much  can  be  learned  about  dynamic  fracture 
from  thermal  and  optical  emissions.  Temperature  fields  contain  direct  information  about 
the  thermodynamics  of  nonlinear  processes,  both  at  the  crack  tip  and  in  the  crack  wake, 
especially,  in  the  latter  region,  friction  due  to  sliding  crack  contact.  Direct  measurements 
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of  temperature  changes  due  to  friction  are  now  possible  with  high  speed  infra-red  array 
imaging  devices,  although  the  pixel  resolution  remains  very  modest,  due  to  delays  in 
transferring  the  data  from  the  device  to  storage  (e.g.,  (Zehnder  and  Rosakis,  1991)). 
Despite  the  limited  resolution  of  this  device,  the  thermal  structure  of  an  adiabatic  shear 
band  could  nevertheless  be  characterized  for  the  first  time,  and  as  technology  progresses, 
one  can  expect  the  development  of  high  speed  thermal  cameras  that  will  complement 
existing  high  speed  optical  cameras.  Moreover,  one  may  now  think  of  coupling  the  high 
speed  cameras  to  appropriate  microscopic  lenses  to  reveal  unprecedented  information 
about  dynamic  fracture  phenomena  at  the  microscale.  At  present,  such  a  direct  link  to 
microstructure  is  still  missing  for  all  the  phases  of  dynamic  fracture,  namely  initiation, 
propagation,  and  arrest.  At  the  macroscale,  inferences  of  temperature  can  be  made  in 
earthquake  slip  zones  by  examining  the  crystallographic  phases  found  along  the  fault 
(Otsuki  et  al.,  2003)). 

In  laboratory  tests,  temperature  measurements  have  occasionally  led  to  surprising 
implications.  For  example,  thermoelastic  coupling  effects  (changes  of  temperature  with 
elastic  strain)  have  commonly  been  assumed  to  be  negligible,  based  on  experience  with 
smooth  specimens.  However,  recent  work  (Rittel,  1998)  correct  ref  ?  has  shown  that  this 
is  not  always  the  case:  in  brittle  polymeric  materials,  the  crack-tip  temperature  may  drop 
significantly  upon  rapid  loading.  Such  a  thermoelastic  effect  may  be  important  in  the 
ductile  to  brittle  transition  and  deserves  additional  study  and  incorporation  alongside 
plasticity  effects  in  modeling  the  overall  crack-tip  thermodynamics. 

Light  emission  during  fracture  has  also  been  the  subject  of  numerous  investigations, 
ranging  from  ice  to  metal  through  ceramics,  carried  out  mostly  by  physicists  (see  e.g., 
(Yasuda  et  al,  2002)).  These  fascinating  results  remain  largely  isolated  from  the 
mainstream  of  dynamic  fracture  experiments.  Nevertheless,  the  advent  of  sophisticated 
atomic  scale  simulations,  including  quantum  calculations  of  changes  in  electronic  state 
during  dynamic  fracture,  opens  the  possibility  of  using  light  emission  to  test  models  of 
some  of  the  most  fundamental  aspects  of  fracture. 

The  quest  for  understanding  mechanisms  of  dynamic  fracture  during  earthquakes  (the 
geological  scale)  has  led  to  an  exciting  advance  in  laboratory  experimental  methods,  with 
relevance  to  all  scales.  Ares  Rosakis  and  colleagues  have  demonstrated  that  some  key 
features  of  earthquake  dynamics,  including  intersonic  rupture  and  rupture  initiation  under 
slip  or  velocity  weakening  friction  laws,  can  be  captured  in  the  laboratory  using  PMMA 
plates  held  together  by  friction  forces  under  compression.  This  is  interesting  because 
there  is  an  enormous  difference  in  length  scales  between  seismic  faults  and  laboratory 
materials.  A  “laboratory  earthquake”  is  initiated  along  a  set  of  pre-designed  fault  lines 
(material  boundaries)  by  an  electric  spark  that  simulates  a  seismogenic  source.  Pulsed 
slip  ensues,  similar  to  that  in  an  earthquake  slip  event.  While  the  simulation  in  a  small 
specimen  of  events  occurring  naturally  on  a  geological  scale  is  eye-catching,  the  same 
experimental  technique  may  prove  equally  valuable  in  probing  dynamic  friction  effects  in 
structural  materials,  such  as  laminated  composites.  The  technique  has  the  potential  of 
being  further  developed  into  a  unique  experimental  platform  to  test  ideas  and  models  of 
mode  II  and  mixed  mode  cracking  under  various  loading,  environmental,  and  materials 
conditions.  An  example  demonstrated  by  Rosakis  is  the  study  of  dynamic  branching  and 
transfer  of  slip  along  interacting  fracture  planes  (fault  lines  or  material  interfaces),  with 
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results  comparable  to  seismic  measurements  and  theoretical  models  developed  by  Rice 
and  co-workers  (Kame  et  al.,  2003;  Poliakov  et  al,  2002). 

Such  novel  laboratory  experiments  provide  bridges  not  only  between  theory  and 
observations  but  also  between  small  and  large-scale  phenomena.  A  coherent  approach 
combining  traditional  seismic  and  fracture  measurements  and  theoretical  modeling  with 
modem  laboratory  experimental  tools  and  large-scale  computer  simulations  may 
revolutionize  the  fields  of  seismology  and  dynamic  structural  design. 

4.2  Challenges  for  Experimenters 

Major  experimental  challenges  remain,  in  both  fundamental  and  engineering  aspects  of 
dynamic  fracture.  One  issue  of  continuing  engineering  importance  is  the  problem  of 
defining  and  characterizing  a  condition  for  crack  initiation  under  dynamic  conditions. 
For  example,  in  many  structures  intended  for  long  life,  initiation  of  a  single  crack  under  a 
rare  dynamic  load,  e.g.,  foreign  object  damage  in  an  aircraft  turbine  blade,  can  be  enough 
to  reduce  the  fatigue  life  under  normal  duty  cycling  quite  dramatically. 

In  more  recent  work,  Sharon  and  Fineberg  (Sharon  and  Fineberg,  1996)  produced  a  large 
body  of  experimental  evidence  related  to  the  evolution  of  crack  velocity  and  the  nature  of 
the  micromechanisms  that  lead  to  crack  branching.  Crack  branching  was  also 
investigated  by  Ravi-Chandar  and  Yang  (Ravi-Chandar  and  Yang,  1997),  in  terms  of 
activation  of  secondary  microcracks  near  the  main  crack-tip.  Yet,  looking  beyond  such 
investigations,  the  role  of  the  microstructure  in  the  dynamic  fracture  process  -  its  effect 
on  crack  branching,  initiation,  etc.  -  remains  very  much  an  open  question.  This  problem 
is  not  totally  new,  having  concerned  pioneers  in  the  field  of  quasi-static  material  fracture, 
such  as  the  late  A.S.  Tetelman  (Tetelman  and  McEvily  Jr.,  1967).  Yet,  new  tools,  such  as 
high  speed  optical  and  thermal  cameras  coupled  to  microscopes  and  sophisticated 
numerical  codes  will  allow  a  re-examination  of  the  structure-property  relationship.  In  the 
modem  context,  some  new  aspects  of  this  overarching  problem  challenge  experimenters. 
For  example,  dynamic  delamination  in  composites  poses  difficult  questions  regarding 
multiple  cracking,  mixed  mode  propagation,  and  the  effects  of  long  zones  of  friction  in 
the  crack  wake  (see  Section  7). 


Additional  work  on  crack  propagation  in  single  crystals  of  sapphire  has  led  to  new 
appreciation  of  the  complexity  of  the  creation  of  fracture  surface  roughness  in  the  context 
of  nonlinear  dynamics  (Sherman  and  Be'ery,  1998)  correct  ref?.  These  authors  analyzed 
crack  profiles  in  a  sapphire  single  crystal  and  concluded  that  the  governing  equation  of 
motion  contains  seven  independent  dynamical  variables. 

Finally,  natural  materials,  other  than  engineering  alloys  or  polymers  are  also 
investigated  for  their  dynamic  fracture  behavior.  As  an  example,  the  dynamic  ejection  of 
magma  that  occurs  during  a  volcanic  eruption  represents  a  challenge  in  both 
experimental  and  analytical  terms.  Here,  one  deals  with  the  dynamic  fracture  of  a  highly 
viscous  material  that  contains  numerous  bubbles.  The  rate  of  decompression  will  affect 
the  nature  of  the  volcanic  eruption  and  the  related  damage.  A  series  of  experimental 
results  can  be  found  in  Ichihara  et  al.  (Ichihara  et  al.,  2002),  in  which  the  failure  process 
is  analyzed  using  fluid  mechanics  concepts.  For  this  example,  dynamic  fracture 
mechanics  concepts  should  yield  new  insights  into  the  phenomenon.  Indeed,  first  of  all, 
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the  experiments  show  a  ductile  to  brittle  transition  of  the  failure  mode  with  the 
(decompression)  rate.  Additional  work  is  needed  to  characterize  the  failure 
micromechanisms  of  this  complicated  bubbly  material,  and  their  rate  sensitivity. 
Ultimately,  the  fragmentation  process  can  be  analyzed  using  fragmentation  models  in 
which  the  (dynamic)  fracture  toughness  of  the  material  appears  explicitly,  thus 
establishing  an  additional  link  between  mechanics  and  physics  of  fracture  in 
geomaterials.  I  wonder  about  omitting  this  work,  at  the  risk  of  offending  Ichihara, 
because  I  don  7  understand  what  it  has  to  do  with  dynamic  fracture.  Am  I  missing 
something?  As  you  wish!  This  is  dynamic  fragmentation  in  fact  and  not  fm.  oper-se.  Yet, 
the  dynamic  fracture/fragmentation  of  a  viscous  material  is  stuill  an  open  question  with 
huge  implications,  as  in  the  present  case.  OK,  I’m  being  thick  again.  Is  there  any 
dynamic  fracture  in  Ichihara ’s  paper?  If  not,  then  we  would  need  a  statement  of  what  the 
physics  was  that  she  included  and  then  an  argument  that  one  really  ought  instead  to 
include  dynamic  fracture  to  be  able  to  understand  the  magma  problem.  (Once  again  I’m 
trying  to  avoid  work!  Dany,  do  you  want  to  re-write  this?) 


5.  Intersonic  and  Supersonic  Fracture 

Intersonic  fracture  has  attracted  much  attention  in  the  last  few  years,  mainly  due  to  the 
Ares  Rosakis’  experimental  work  (Rosakis  et  al.,  1999)  which  has  motivated  the  cohesive 
modeling  (Needleman  and  Rosakis,  1999)  Geubelle  and  Kubair  2001),  and  the  molecular 
dynamics  studies  (Abraham  and  Gao,  2000;  Gao  et  al.,  2001).  The  lecture  by  Yonggang 
Huang  presented  the  fundamental  solution  of  intersonic  mode  II  cracks  (Huang  and  Gao, 
2001).  The  fundamental  solution  has  been  used  by  the  group  of  Wei  Yang  (Guo  and 
Yang,  2003)  to  construct  transient  solutions  of  intersonic  crack  propagation. 

A  comprehensive  review  of  the  historical  development  of  studies  on  intersonic  cracks  can 
be  found  in  Rosakis  (Rosakis,  2002).  In  the  past  decade,  scientists  working  at  all  length 
scales,  from  the  atomistic,  the  continuum,  all  the  way  up  to  scale  of  geological  ruptures, 
have  undertaken  joint  efforts  to  study  this  unexplored  area  of  fracture  mechanics.  Early 
contributions  to  the  theoretical  literature  of  dynamic  subsonic  and  intersonic  fracture 
highlights  significant  differences  between  tensile  and  shear  cracks.  Direct  laboratory 
observations  (Rosakis  et  al,  1999)  have  provided  a  framework  for  discussing  the  physics 
of  intersonic  shear  rupture  occurring  in  constitutively  homogeneous  (isotropic  and 
anisotropic)  as  well  as  in  inhomogeneous  systems,  all  containing  preferable  crack  paths 
or  faults.  Experiments,  models,  simulations  and  field  evidence  at  all  length  scales  have 
been  used  to  discuss  processes  such  as  shock  wave  formation,  large-scale  frictional 
contact  and  sliding  at  the  rupture  faces,  and  maximum  attainable  rupture  speeds.  This 
topic  is  of  particular  interest  to  the  exploration  of  intersonic  fault  rupture  during  shallow 
crustal  earthquake  events. 

Another  important  field  that  was  tackled  at  the  workshop  was  supersonic  fracture,  a 
phenomenon  totally  unexplained  by  the  classical  theories  of  fracture.  Molecular 
dynamics  simulations  by  the  group  around  Abraham  and  Gao  (Abraham  et  al.,  2002; 
Buehler  and  Abraham,  2003)  have  shown  the  existence  of  intersonic  mode  I  and 
supersonic  mode  II  cracks.  This  has  motivated  a  recent  continuum  mechanics  analysis  of 
supersonic  mode  III  cracks  by  Wei  Yang  (Guo  and  Yang,  2003).  Huajian  Gao  discussed 
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recent  progress  in  theoretical  understanding  of  hyperelasticity  in  dynamic  fracture  and 
showed  that  the  phenomenon  of  supersonic  crack  propagation  could  only  be  understood 
by  introducing  a  new  length  scale,  called  %,  which  governs  the  process  of  energy 
transport  near  a  crack  tip.  The  crack  dynamics  is  completely  dominated  by  material 
properties  inside  a  zone  surrounding  the  crack  tip  with  characteristic  size  equal  to  %. 
When  the  material  inside  this  characteristic  zone  is  stiffened  due  to  hyperelastic 
properties,  cracks  propagate  faster  than  the  longitudinal  wave  speed.  The  research  group 
of  Gao  has  used  this  concept  to  simulate  the  Broberg  problem  of  crack  propagation  inside 
a  stiff  strip  embedded  in  a  soft  elastic  matrix.  The  simulations,  which  confirmed  the 
existence  of  an  energy  characteristic  length,  were  reported  during  the  workshop  (Buehler 
and  Abraham,  2003).  This  study  also  has  implications  for  dynamic  crack  propagation  in 
composite  materials.  If  the  characteristic  size  of  the  composite  microstructure  is  larger 
than  the  energy  characteristic  length,  %,  models  that  homogenize  the  materials  into  an 
effective  continuum  would  be  in  significant  error.  During  the  workshop,  fruitful 
interactions  between  Gao’s  simulation  groups  and  experimentalists,  in  particular  Rosakis 
and  Ravi-Chandar,  led  to  ideas  for  the  design  of  experiments  to  verify  the  energy 
characteristic  length.  The  ultimate  goal  would  be  to  conduct  experiments  on  supersonic 
cracks  to  test  the  predictions  of  the  simulations  and  analysis. 

While  much  excitement  rightly  centers  around  the  relatively  new  activity  related  to 
intersonic  cracking,  an  old  but  interesting  possibility  remains  to  be  incorporated  in  the 
modem  work:  interface  crack  propagation  that  is  subsonic  but  exceeds  the  Rayleigh  wave 
speed  has  been  predicted  for  at  least  some  combinations  of  elastic  properties  of  the  two 
joined  materials  (Goldstein,  1966). 


6.  Friction 

Friction  effects  dominate  many  problems  of  dynamic  fracture,  but  friction  remains  one  of 
the  least  understood  aspects  of  material  behaviour. 

Most  earthquakes  propagate  along  existing  fault  lines.  The  dynamic  slip  process  is 
complicated  by  the  fact  that  fault  zones  contain  many  rock  types,  which  exhibit  distinct 
mechanisms  during  crack  propagation.  The  fault  zone  generally  consists  of  layers  of 
finely  granulated  rock,  created  by  the  fragmentation,  melting,  and  recrystallization  of 
rock  during  many  prior  slip  events.  The  fragments  or  grains  within  a  fault  line  exhibit  a 
range  of  sizes  extending  over  one  or  two  orders  of  magnitude  (Chester  et  al.,  1993; 
Otsuki  et  al.,  2003;  Wibberley  and  Shimamoto,  2003).  This  suggests  that  dynamic  slip 
might  tend  to  fragment  fault  material  in  such  a  way  that  the  total  fraction  of  space 
occupied  by  the  grains  is  maximized.  The  grain  pattern  is  reminiscent  of  the  Sierpinski 
gasket,  with  smaller  grains  lying  in  the  interstices  of  larger  grains,  in  a  pattern  that  recurs 
down  through  many  length  scales.  However,  the  fractal  dimension  of  the  grain  pattern 
varies  from  one  slip  system  to  another,  suggesting  that  melting  and  fragmentation  occur 
at  different  rates  depending  on  the  rock  composition  in  a  particular  fault.  The  relation 
between  material  composition  and  the  details  of  nonlinear  mechanisms  in  fault  zones, 
including  fragmentation  and  the  resulting  distribution  of  particle  sizes,  remains  obscure. 

An  analogous  situation  exists  in  delamination  cracking  of  many  structural  materials. 
Layers  of  rubble,  which  have  at  least  superficial  morphological  similarity,  but  on  much 
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smaller  scales,  to  earthquake  fault  lines,  are  also  pervasive  in  predominantly  mode  II 
cracks  in  brittle  polymer  or  ceramic  materials,  especially  delamination  cracks 
propagating  between  plies  in  a  laminated  structure.  In  such  materials,  the  origins  of  the 
rubble  can  be  traced  to  systems  of  microcracks  that  form  in  layers  subjected  to  shear 
(Bradley  and  Cohen,  1985;  Fleck,  1991;  Xia  and  Hutchinson,  1994).  At  large 
displacements,  these  microcrack  systems  coalesce  to  form  entirely  detached  particles  in  a 
layer.  Since  crack  displacements  far  exceed  the  particle  size  in  the  further  crack  wake, 
one  infers  that  shear  tractions  are  transferred  across  the  crack  by  a  mechanism  analogous 
to  that  acting  in  the  rubble  layer  in  an  earthquake  fault  line,  but  with  the  characteristic 
length  scales  being  four  or  more  orders  of  magnitude  smaller  (Massabd  and  Cox,  1999; 
Rice,  1980a).  Under  dynamic  loading  conditions,  adiabatic  heating  of  the  rubble  layer  is, 
again  in  attractive  analogy  to  the  geological  case,  likely  to  cause  some  melting  and 
therefore  rate-dependence  through  dynamic  viscosity. 

In  both  earthquake  and  structural  simulations  and  models,  the  action  of  material  along  a 
slip  line  is  represented  as  friction,  i.e.,  a  relationship  between  the  shear  traction 
supported,  the  prevailing  compressive  stress  across  the  slip  line,  and  the  displacement 
discontinuity  (and  its  rate,  etc.).  Since  the  dynamics  of  friction  at  the  scale  of  individual 
grains  in  a  slip  line  is  very  complicated,  simple  Coulomb  friction  cannot  be  expected  to 
be  correct;  both  rate  effects  and  non-linear  proportionality  will  be  the  norm.  Non- 
Coulombic  friction  can  also  be  inferred  directly  from  certain  characteristics  of  dynamic 
mode  II  crack  propagation.  Zheng  and  Rice  have  shown,  for  example,  that  self-healing 
or  pulse-like  crack  propagation,  which  is  the  prevalent  mode  of  earthquake  motion, 
requires  a  velocity-weakening  friction  law  (Zheng  and  Rice,  1998).  In  a  structural  or 
laboratory  context,  Ranjith  and  Rice  demonstrated  that  ill-posedness  in  generic  dynamic 
sliding  problems  involving  dissimilar  materials  can  be  regularized  by  assuming  that 
friction  responds  slowly  to  an  abrupt  change  in  the  compressive  stress  (Ranjith  and  Rice, 
2001).  Understanding  the  relation  of  these  inferred  characteristics  to  material  processes 
remains  a  challenge. 

The  constitutive  behaviour  of  dry  and  cool  granular  material  is  a  complicated  problem  of 
load  transfer  through  random  contacts  that  change  in  time.  The  outcome  is  strongly 
affected  by  the  state  of  hydrostatic  compression,  rate  effects,  and  the  magnitude  of  the 
shear  displacements.  Work  to  date  on  this  problem  has  been  confined  to  large  aggregates 
of  powder  (Anand,  1983;  Nemat-Nasser,  2000)  check  Anand’s  1993  paper  rather  than  the 
thin  layers  expected  in  the  wake  of  a  crack,  with  applications  to  ballistics,  shear  faulting 
in  shock  compression,  etc.  (Nesterenko,  2001).  In  ballistic  applications,  constitutive 
modeling  is  often  reduced  to  representing  comminuted  (fragmented)  material  trapped 
ahead  of  a  penetrator  as  a  viscous  fluid,  whose  viscosity  originates  in  friction  at  the 
contact  points  of  individual  particles.  In  an  engineering  sense,  such  models  have  been  at 
least  partially  successful  in  demonstrating  the  relation  between  armour  design  and 
ballistic  performance.  However,  such  constitutive  modeling  is  too  crude  to  permit 
credible  inferences  about  the  role  of  material  type  and  morphology  in  determining 
friction  (viscous  flow)  effects  in  fracture.  Extension  of  the  more  complete  models  of 
granular  mechanics  to  the  conditions  found  in  a  dynamic  crack  remains  to  be  made. 

The  problem  of  predicting  crack  branching  and  bifurcation  is  also  related  to  the 
phenomenon  of  fragmentation  during  dynamic  wave  propagation,  which  has  received 
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some  attention  by  approximate  analytical  methods.  In  the  simple  case  of  fragmentation 
of  a  brittle  homogeneous  medium  subject  to  uniaxial  stress  waves,  Drugan  derived  a 
characteristic  length,  /mm.  for  the  minimum  elastic  fragment  size,  which  is  related  to  the 
wave  speed  and  a  cohesive  law  that  is  similar  to  that  used  in  the  first  cohesive  element 
finite  element  methods  (Drugan,  2001).  His  length  scale  can  be  re-written  within  a  factor 
of  order  unity  as  lm in  =  S* fs/2crmax ,  where  c5*  and  crmax  are  the  critical  displacement  and 
stress  in  the  cohesive  law  and  E  is  a  reduced  modulus.  This  result  is  curiously  similar  in 
form  to  the  characteristic  bridging  length  scale,  lc h,  introduced  by  Hillerborg,  Rice  and 
others  to  characterize  the  length  of  the  bridging  zone  in  a  bridged  static  crack  (Cox  and 
Marshall,  1994;  Hillerborg  et  al.,  1976;  Massabo  and  Cox,  1999;  Rice,  1980b). 
However,  Drugan’s  length  scale  is  independent  of  the  shape  of  the  cohesive  law  for 
displacements  beyond  the  critical  displacement.  The  length  scale,  /ch,  is  more  often 
written  in  bridged  crack  work  as  /c h  =  GE/ crmax  ,  where  G  is  the  fracture  energy  (total  area 
under  the  cohesive  law),  and  only  takes  the  fonn  /c h  =  S*E !2<jnrdX  in  the  special  case  of  a 
Dugdale  law  (rectangular  cohesive  law,  G  =  crmax<5*).  Why  information  about  the  nature 
of  the  cohesive  law  beyond  the  critical  displacement,  S*,  should  have  no  effect  on  the 
size  of  elastic  fragments,  as  in  Drugan’s  length  scale,  is  an  issue  for  further  consideration. 
Analytical  models  that  deal  with  the  entire  domain  of  the  cohesive  traction/displacement 
law  and  form  a  link  to  computational  work  on  cohesive  elements  (Section  3  above),  in 
which  the  tail  of  the  traction  law  has  a  strong  effect,  would  be  timely. 

The  length  scale  characterizes  the  zone  of  stress  relief  on  either  side  of  an  existing  crack 
and  is  therefore  a  measure  of  the  fragment  size.  An  analogue  of  this  effect  could  account 
for  regularly  spaced  branch  cracks  in  dynamic  fracture  simulations  (who  showed  these  at 
Ringberg?).  A  related  length  scale,  perhaps  involving  the  shear  wave  speed,  may  appear 
in  the  creation  of  arrays  of  cracks  under  dynamic  mode  II  conditions.  While  this  simple 
concept  provides  insight  into  the  first  fracture  of  an  elastic  material  under  dynamic 
overload,  little  insight  is  yet  available  into  the  subsequent  maturation  of  first  crack 
systems  into  granulated  material  or  the  progression  of  large  displacements  through  that 
material.  If  earthquake  fault  lines  are  taken  as  indicators,  high  deformation  will  create  a 
distribution  of  grain  sizes  ranging  over  several  orders  of  magnitude  -  there  is  a  tendency 
away  from  any  single  length  scale  and  towards  scale  invariance.  Experiments  of 
granulation  effects  in  polymer  and  ceramic  composites,  especially  for  mode  II 
delaminations,  would  be  most  revealing. 

The  dominance  of  friction  in  various  dynamic  problems  has  been  well  illustrated  in 
recent  work.  In  fiber  pullout,  for  example,  which  is  the  main  mechanism  of  toughening 
of  brittle  matrix  composites,  the  presence  of  friction  modifies  the  nature  of  the 
propagating  stress  wave  in  two  fundamental  ways  (Cox  et  al.,  2001;  Nikitin  and 
Tyurekhodgaev,  1990;  Sridhar  et  al.,  2003).  Under  smoothly  varying  loading,  the 
furthest  propagation  of  the  stress  disturbance  propagates  not  at  the  bar  wave  speed,  but  at 
a  reduced  speed  which  depends  on  the  loading  rate.  Second,  when  interactions  between 
the  loaded  fiber  and  the  matrix  are  taken  into  account,  even  simple  time-linear  loading 
results  in  quite  complex  possibilities  of  slip,  stick,  and  reverse  slip  domains,  propagating 
along  the  fiber  matrix  interface.  Which  pattern  of  domains  is  observed  depends  on  the 
loading  rate  and  material  parameters.  For  loading  that  varies  in  time  in  a  non-linear 
manner,  the  patterns  of  slip  become  extremely  complicated.  This  character  forms  a 
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strong  contrast  with  the  same  problem  in  the  static  case,  for  which  elementary  solutions, 
which  have  been  the  basis  of  many  engineering  material  designs,  can  be  written  down  for 
arbitrary  loading  and  unloading  cycles. 

One  result  of  particular  significance  for  dynamic  fracture  in  structures  relates  to  laminates 
in  which  through-thickness  reinforcement  is  present.  Through-thickness  reinforcement  is 
often  introduced  to  increase  delamination  resistance,  which  it  does  very  effectively. 
Importantly,  experiments  and  theory  have  both  shown  that,  for  common  through¬ 
thickness  reinforcement  types,  such  as  stitches  and  rods,  mode  I  displacements  tend  to  be 
suppressed  more  effectively  than  mode  II  displacements,  for  both  static  and  dynamic 
loading  (Massabo  and  Cox,  2001).  Consequently,  a  strong  engineering  principle  is 
implied:  that  robust  or  damage  tolerant  laminated  structures  will  tend  to  delaminate  in 
mode  II  and  therefore  their  failure  habits  will  be  dominated  by  friction.  This  represents  a 
major  departure  in  emphasis  from  prior  work,  the  great  majority  of  which  has  studied 
mode  I  fracture  (where  friction  is  irrelevant).  The  mode  I  case  is  increasingly  appearing 
to  be  an  academic  ideal,  with  the  important  issues  of  engineering  design  depending  on 
mode  II  behaviour. 


7.  Problems  in  Materials  Design  and  Engineering  Certification 

A  new  class  of  materials,  the  functionally  graded  materials,  has  been  the  subject  of  recent 
dynamic  fracture  studies.  These  materials  are  designed  especially  such  as  to  optimize  a 
given  property,  such  as  fracture  toughness.  Both  layered  and  continuously  graded 
materials  have  been  thoroughly  investigated  by  Shukla  and  his  group  (Chalivendra  et  al. , 
2002;  Chalivendra  et  al.,  2003;  Parameswaran  and  Shukla,  1998;  Parameswaran  and 
Shukla,  1999),  experimentally  and  analytically.  An  important  result  was  that  the  square- 
root  singularity  remains  valid  but  the  higher  order  terms  are  influenced  by  the  grading  of 
the  material,  in  other  words  by  its  microstructure.  Numerical  simulations  on  such  cracked 
materials  under  impact  loading  recently  have  been  done  by  Sladek  and  colleagues 
(Sladek  et  al.,  2004). 


8,  Dynamic  Fracture  for  Device  Manufacture 

This  paragraph  was  moved  here  from  Dany’s  experimental  section  Michael  Marder 
reviewed  a  fascinating  new  application  dynamic  fracture  in  device  manufacture.  In 
recent  pioneering  work,  dynamic  fracture  was  used  to  cleave  a  silicon  single  crystal  along 
a  plane  along  which  a  crack  cannot  normally  propagate  stably.  The  crystal  was  doped  by 
ion  bombardment  with  impurities,  which  changed  the  atomic  interactions  along  the 
desired  plane  of  fracture  and  a  smooth  cleavage  was  then  achieved  by  loading  the  crystal 
dynamically.  Here  would  appear  to  be  an  excellent  show-case  for  the  potential  of 
atomistic  or  quantum  simulations  for  exploring  and  optimizing  a  practical  process. 

8,  The  Future  -  Unsolved  Problems  in  Dynamic  Fracture 

Research  over  the  last  five  to  ten  years  has  brought  forward  numerous  fundamental 
insights  into  the  nature  of  dynamic  fracture.  New  theoretical  and  experimental  methods, 
discoveries  made  in  studies  at  all  scales  (from  the  atomic  to  the  geological),  and  the 
(relatively  recent)  venture  of  dynamic  fracture  researchers  into  problems  of  real 
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structures,  have  all  contributed  to  making  the  field  rich  in  ideas,  possibilities,  and  -  most 
gratifyingly  to  the  curious  -  unsolved  problems  that  are  fundamental  in  nature  and  wide- 
ranging  in  relevance. 

What  are  the  problems  whose  solution  could  change  the  way  we  conceive  of  dynamic 
fracture? 


1. 

With  the  preparation  of  The  implications  for  understanding  complex  fracture  processes  at 
all  scales  are  profound,  the  field  has  been  supported  by  a  number  of  interested  agencies 
in  a  somewhat  fragmentary  way,  from  earthquakes  to  quantum  simulations,  in  work 
supported  mainly  by  small  grants  from  very  diverse  sources.  In  spite  of  the  relatively 
small  scale  of  support  and  the  (incorrect)  opinion  in  uninterested  agencies  and  researchers 
that  dynamic  fracture  is  a  solved  or  marginal  problem,  the  involved  community  has  a 
very  strong  and  active  spirit.  A  particularly  rewarding  result  of  the  Ringberg  Workshop 
was  that,  out  of  many  diverse  interests,  such  a  strong  sense  of  the  universality  of  dynamic 
fracture  arose  that  much  hope  was  created  for  future  advances  by  collective  action. 

The  importance  of  coordinated  or  collective  action  for  the  future  must  be  emphasized. 
There  is  a  palpable  gap  between  the  really  interesting  new  fundamental  work  that  is  going 
on  and  the  needs  of  engineers  in  materials  design,  system  certification,  and  manufacture 
(yes,  dynamic  fracture  as  a  manufacturing  method!).  Because  of  this,  the  problems  being 
taken  up  or  the  manner  in  which  they  are  being  posed  are  not  necessarily  those  that  would 
have  the  most  benefit.  While  value  remains  in  research  that  is  driven  by  curiosity  alone, 
the  field  of  dynamic  fracture  suggests  great  rewards  can  also  be  found  by  posing  basic 
research  problems  to  respond  directly  to  applications  needs. 
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